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In this paper we discuss the construction of regular incidence-polytopes 9 by 
twisting operations on Coxeter groups and quotients of Coxeter groups. Particular 
attention IS paid to the polytopes obtained from the unitary complex groups 
generated by reflexions of period 2. In particular this leads to the explicit recogni- 
tion of the universal regular incidence-polytopes {Yi, Tzj in a number of interesting 
cases of regular incidence-polytopes 9, and .??. ,%r‘ 1990 Academic Pres,. Inc 
1. INTR~DucTI~N 
The study of regular polytopes has a long history (cf. Coxeter [ 111). In 
recent years there has been some interest in combinatorial generalizations 
of the subject, leading in particular to the concept of regular incidence- 
polytopes (cf. Danzer-Schulte [16]); see also McMullen [22, 231, Griin- 
baum [21], Buekenhout [2], Tits 1351, and Dress [18-j. This approach is 
patterned after the classical theory of regular polytopes and provides a 
suitable framework for the study of combinatorially regular structures. 
In this paper we continue the discussion of [25] on the general method 
for constructing regular incidence-polytopes $9’ by twisting operations on 
Coxeter groups and quotients of Coxeter groups. While [25] was mainly 
concerned with the construction of the incidence-polytopes Yip” .4 and the 
operations on the corresponding (real) Coxeter groups, this paper will deal 
with incidence-polytopes obtained from twisting operations on unitary 
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complex groups generated by reflexions of period 2 (cf. Shephard [32,33], 
Shephard-Todd [34], Coxeter [9, 10, 121, Cohen [4]). 
As in [25], particular attention is paid to the following “amalgamation 
problem” for regular incidence-polytopes. Given two regular d-incidence- 
polytopes Pi and PJ such that the vertex-figures of P, are isomorphic to the 
facets of P1, does there exist a regular (d+ 1)-incidence-polytope Y with 
facets isomorphic to 9, and vertex-figures isomorphic to P’? It is known 
that, if such an incidence-polytope exists, then there is also another 9 
which is universal among all solutions for the problem (cf. [3 11); this is 
denoted by {g,, PI}. 
Our construction techniques can be used to decide for some interesting 
choices of $ and PZ the existence and finiteness or non-finiteness of the 
corresponding universal {Pi, PZ}. In most cases the corresponding 
automorphism group is a semi-direct product of a real or unitary reflexion 
group by a small group, usually C,, C, x C?, or D,. 
The paper is organized as follows. In Section 2 we recall the basic 
definitions and construction techniques. To make the paper reasonably self- 
contained, in Section 3 we give a short summary of those facts on unitary 
reflexion groups which will be used later on. Sections 4 to 9 deal with the 
specific groups and the associated incidence-polytopes. In Section 10 we 
discuss geometric realizations of some incidence-polytopes constructed in 
the previous sections. 
2. DEFINITIONS AND CONSTRUCTION TECHNIQUE 
Following [ 161 (or [25]), a d-incidence-polytope .P is a partially ordered 
set, with a strictly monotone function dim(. ) with range { - 1, 0, . . . . d >. The 
elements of rank i are called the i-jhces of 9. The flags (totally ordered 
subsets) of 9 all contain exactly d + 2 faces, including the unique (least) 
( - 1 )-face Fe, and the unique (greatest) d-face Fd of 9’. Further defining 
properties for 9 are the strong flag-connectedness (cf. [25]) as well as the 
property that for any (i - 1 )-face F and any (i + 1 )-face G with F < G there 
are exactly two i-faces H of B with F < H < G. 
IfFandGarefaces with F<G, wecall G/F:={HjF<H<G) asection 
of 9’. There is little possibility of confusion if we identify a face F with the 
section F/F-i. The faces of dimension 0, 1, and d - 1 are also called the 
vertices, edges, and facets of 9, respectively. If F is a face, then Fd JF is said 
to be the co-face of F, or the vertex-figure of F if F is a vertex. 
A d-incidence-polytope 9’ is regular if its combinatorial automorphism 
group A(P) is transitive on the flags. Let @ := {F-,, Fo, . . . . F,) be a fixed 
flag, or base flag, of 9; occasionally we do not mention F-, and Fd. For 
a regular 9 its group A(P) is generated by the involutions pO, . . . . pdP,, 
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where p, is the unique automorphism which keeps all but the i-face F, of 
@ fixed (i = 0, . . . . d - 1). These generators satisfy relations 
(p;p,)““= 1 (i,.j=O, . . . . d- 1 ), 
wherepir=l,p,,=p,,=:Pi+, ifj = i + 1, and pV = 2 otherwise; here, the p,‘s 
are given by the t)‘pe {p,, . . . . pdP, i of b. The group A(P) has the intersec- 
tion property ,zYth respect to the generutors p,, that is, 
(~,Ii~Z)n(p,Ii~J)=(p;li~lnJ) for Z,Jc{O ,..., d-l;,. (2) 
All our considerations are based on the fact that (1) and (2) completely 
characterize the groups of regular incidence-polytopes. That is, if a group 
A is generated by involutions p,,, . . . . p,, , such that (1) and (2) hold, then 
A is the group of a regular d-incidence-polytope ,P of type jp, , . . . . pd-, } 
and pO, . . . . prlP, is the distinguished system of generators defined with 
respect to a base flag of 9. Hereafter we shall refer to groups A generated 
by involutions with properties (1) and (2) as C-groups (C standing for 
“Coxeter”). It is a well-known fact that Coxeter groups are C-groups (see 
Section 3), but clearly there are C-groups which are not Coxeter groups. 
Given regular d-incidence-polytopes 9, and $ such that the vertex- 
figures of P1 are isomorphic to the facets of 9:) we denote by (9, , 2Z ) the 
class of regular (rf + 1 )-incidence-polytopes 9’ with facets isomorphic to 9, 
and vertex-figures isomorphic to $. If (2,) 9’) # 0, then any such d is 
obtained from a universal member of (9,) YJ by identifications; this 
universal incidence-polytope is denoted by (9,) Y1 } (cf. [ 3 1 ] ). 
In this work the incidence-polytopes are constructed by twisting opera- 
tions on Coxeter groups (cf. [ 1, 11, 131) and unitary groups generated by 
reflexions of period 2 (cf. [9, 33, 341). We shall restrict attention to those 
groups W which admit certain outer automorphisms T permuting the 
(canonical) generators O, of W. If these automorphisms T are themselves 
involutions, we can augment W by their addition and in suitable cases 
obtain a group A of a regular incidence-polytope. In that case, A is a semi- 
direct product of W by the group B of outer automorphisms of W 
generated by the z’s In our applications, the existence of suitable 
automorphisms T will always be obvious from the symmetry of the corre- 
sponding (Coxeter-) diagram for W. It is the analogy with the importance 
of diagram symmetries for the twisted simple groups which motivates the 
term “twisting operation” (cf. [3]). 
In some cases the semi-direct product A becomes a direct product. For 
example, if B is generated by one involutory outer automorphism z which 
transforms W according to an inner automorphism, then A E W x B z 
WxC2; for, if itz W and r’a,?‘=z(a,) ( =TO,T~') for all i, then T -‘? 
commutes with each (T;. 
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A twisting operation K on W will usually be denoted by 
K: (0”. . ..1 am , ; TO> .. . . z/; - 1) ++ ( po, . ..1 p‘i 1); 
here, CJ~, . . . . c,,-, are the generators of W, zO, . . . . TV. I the generating outer 
automorphisms in B, and pO, . . . . pd-, the distinguished generators of A 
constructed from the gi)s and ris. In all cases the intersection property (2) 
for pO, . . . . pdPl in A will follow from the corresponding property for 
CJ,,, . . . . G,,- I in W (and r,,, . . . . zk , in B). 
In discussing geometrical realizations of our regular incidence-polytopes 
we essentially follow [24]. We denote by 2x the family of all subsets of a 
set X. Further, let %j denote the set of allj-faces of a d-incidence-polytope 
B (j= -1, 0, . . . . d). Then a (euclidean) realization of a regular 9” consists 
of 
(Rl) a set V= V0 of points in some finite-dimensional euclidean 
space E, together with a surjection bO: Q”(S) H I/; 
(R2) recursively, for each j= 1, . . . . d, a subset Vj~ 2’;-‘, and a 
surjection /I,: @‘j(P) H V,, such that 
for each F in V’(9); 
(R3) further, each permutation of V corresponding to an 
automorphism of 9 is induced by an isometry of E. 
In our discussion we shall usually not distinguish between 9 and its 
realization and between a j-face F of 9 and its image p,(F). Further, we 
shall always take the ambient space E to be the affine hull of V; its dimen- 
sion is called the dimension of the realization. (Note that in [16] the word 
“dimension” is used with quite a different meaning.) The realization is 
called faithful if each flj is a bijection; otherwise, it is degenerate. 
The isometries of (R3) are called the synzmetries of the realization Pp; 
they form its symmetry group G(9). Thus, G(B) is a homomorphic image 
of A(P), isomorphic if the realization is faithful. To each generating involu- 
tion p, of A(B) corresponds a symmetry Ri, which is either a reflexion or 
the identity. 
In this paper, all realizations of regular d-incidence-polytopes 9 are 
obtained from a suitable faithful euclidean representation of A(9) by 
applying Wythoff’s construction (cf. [ 111). Let G = (R,, . . . . R,-, ) be such 
a representation in the isometry group of some euclidean space E, with R, 
corresponding to pi. To describe the construction we shall find it con- 
venient to identify a reflexion R with its mirror {s E E 1 R(x) = X} (which 
is not necessarily a hyperplane). Now, pick a point F, (say) in the Wythoff 
space R, n . n R,-, of G, and define recursively 
F,:= {g(F,-,I I gE CR,, . . . . R,--,)I 
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forj= 1, . . . . d- 1. This gives the base flag @ := (F,,, . . . . Fdp I ) of the realiza- 
tion for .P, whose remaining flags are the g(0) with g in G. 
We must regard the vertex set V here as a possibly multiply counted set, 
in which case the realization is degenerate. In the extreme case where F, is 
also in R,, the vertex set collapses to one point, namely F,. This means 
that we are really interested in finding (R, n ... n R,- ,)\R,. We shall 
slightly abuse notation, and also call this set the Wvtlzoff space of the 
representation. 
We shall often make use of Coxeter’s regular maps (or polyhedra) 
{p, q 1 Y} or more generally {p, q 1 r2, . . . . r, , . 1 ’ For a definition of these maps 
see [S] or [25]. 
3. COXETER GROUPS AND UNITARY REFLEXION GROUPS 
Given a symmetric integral (n x n)-matrix M= (m,),., with nri,= 1 and 
m,j> 2 (i # j), the group W= (a,, . . . . oHPI ) abstractly defined by the 
relations 
(cJ,cJ;)m’~ = 1 (i, j=O , . . . . n- 1) 
is called the Coxeter group with (Coxeter) matrix A4 (cf. [l, 11, 131). This 
group is conveniently represented by a diagram having a node for each 
generator (T, and a branch labelled mv( 3 3) for each pair ((T,, a,) of distinct 
non-commuting generators; for simplicity the branch label is omitted if 
my= 3. Nodes corresponding to commuting generators are thus not joined 
by a branch. 
The most important instances of Coxeter groups are the discrete groups 
generated by (hyperplane) reflexions in some euclidean space; for a com- 
plete enumeration of the corresponding diagrams see [ 111. More generally, 
by a theorem of Tits, any Coxeter group with n generators admits a faithful 
representation in the general linear group GL(n, R) (cf. [l, Chap. 5, 
Sect. 41). 
The finite unitary complex groups generated by (hyperplane) reflexions 
have been completely classified in Shephard-Todd [34]; see also [32, 33, 
9, lo]. In unitary (complex) n-space U,, a reflexion is a unitary transforma- 
tion of finite period leaving invariant all the points of a hyperplane. In this 
paper we shall consider only groups W which are generated by unitary 
reflexions of period 2. In discussing these groups we shall follow the 
notation of Coxeter [9]. For a short summary see also [lo]. 
The finite unitary groups W generated by n involutory reflexions cri can 
’ Professor Coxeter has asked us to correct an error in Table II of [S]. In this table. the 
last line should be 
{3,9),5} 3420 5130 1140 286 LF(2.19)xS, 10260. 
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FIGURE 1 
also be represented by diagrams; as for Coxeter groups, each generator is 
symbolized by a node, and each pair (gi, a]) of distinct non-commutative 
generators is joined by a branch marked with the period m,, of their 
product. For any irreducible group, the U,‘S may be so chosen that the 
underlying graph either is a tree or contains just one triangular circuit with 
at least two unmarked branches (that is, branches labelled 3), although we 
shall also consider other ways of generating the same group. 
If the graph is a tree, then W is real (in the sense that after a suitable 
change of coordinates all elements of W can be represented by real 
orthogonal matrices), and is isomorphic to the finite Coxeter group with 
the same diagram. 
If the graph contains one triangular circuit with at least two unmarked 
branches, then the graphical symbol for W is completed by writing a 
number m inside the triangle (see Fig. 1). If i, j and k (say) are the nodes 
of the circuit, then m is the period of aigia,a, in W. Then, a set of defining 
relations for W is obtained by adding to (3) the extra relation 
(a,a,a,a.,)m = 1. (4) 
Since the triangle has at least two unmarked branches, we can regard the 
same relation as assigning the period m to any one of the products 
for example, if mjk = 3, then (a,ak)3 = 1 implies aiaka, = a,a,a, and this in 
turn aia.iaka, = araka,ak. 
All finite non-real unitary groups generated by n involutory reflexions in 
U, are groups [pqr’]” (Z [qpr’]“) in unitary (p+q+r)-space, with 
diagram 
c_ . . 
7>-- ’ 
E In .,. c_ 
r L_ . . . 
(5) 
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Here, I is omitted if I= 3, so that [pqr3]” = [pqr]“’ involves the three 
numbers p, q, r symmetrically. Further, if r = 1, then I and m are inter- 
changeable, that is, 
[pql’]“’ CY [pql”‘]‘; 
if the nodes in the triangular subdiagram of (5) are denoted as in Fig. 1, 
then this isomorphism can be proved by substituting for O, its conjugate 
G~(T~CJ~ = a,a,a,, while leaving all the other generators of (5) fixed. 
Table I provides information about the groups [pqr’]“’ that do actually 
occur as unitary groups (cf. [IS, Table II]). 
For the groups [ 1 1 ,‘I3 with diagram (8) (with m = 3) an alternative 
diagram (based on other generators a,) consists of an (r + 2)-gon with 
unmarked branches but a mark I inside to indicate any one of n := r + 2 
equivalent relations such as 
(cf. [9, p. 2511). In fact, if the old generators 6, (say) of [ 1 1 r’]’ belong- 
ing to (8) are replaced by the new generators 
 ^  ^  ^ 1 ”  ^ a  ^ ” CT(j:=cTr+, CT?’ .” ‘03cJ~O()fJ’cJ3 .‘. ‘fJrO,+,, 
CTj := 6, (i= 1, . . . . r+ I), 
(7) 
then a presentation for [l 1 r’]’ in terms of CJ”, o,, . . . . u,.+ 1 is given by 
(6) and the standard relations defined by the n-gonal diagram. Thus an 
TABLE I 
Finite Non-real Groups in (i, Generated by n Involutions 
Group Dimension Group order Order of centre 
[1 1 r’]Z 
I [1 1 11’ II :=r+2 /” 111 (1, n) 
[1 1 l’]J 3 336 2 
[I 1 lqq 
[I I l”]’ I 3 2160 6 
[2 1 141’ 
[2 1 11” 4 64.5! 4 
[2 1 21’ 5 72.6! 2 
[2 1 31’ 6 108.9! 6 
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alternative symbol for [ 1 1 r’]’ is [ 1 1 . . . 1 I’, with n digits 1. In the 
limiting case I = co this gives a real Coxeter group, as does [p q r’]“’ for 
m=co. 
In some instances we shall apply the diagram notation in the more 
general form as representing the abstract (but not necessarily geometric) 
group with the corresponding set of defining relations. This includes also 
infinite groups. It is not known if the infinite but discrete unitary groups of 
[9] such as [l 1 1416 are indeed isomorphic to the groups abstractly 
defined by the relations of the underlying diagram. We cannot rule out that 
additional relations are needed here. 
For our purpose it is important to note that all Coxeter groups have the 
intersection property (2) with respect to their generators; that is, they are 
C-groups (cf. Bourbaki [l, Chap. 4, Sect. 11). For the finite, and infinite 
but discrete, unitary reflexion groups no general proof of the corresponding 
fact seems to be known, nor has this fact been explicitly pointed out some- 
where in the literature. However, to make our method work we have 
checked the intersection property (2) individually for each group and each 
set of generators to which our method has been applied in this paper; that 
is, all these groups are C-groups. One way to prove the intersection 
property is to start from an explicit coordinate representation for the 
generators of the group (cf. [9, 33, 341) and then to verify (2) for all 
choices of index sets I and J; here, for most groups, the general case can 
be reduced to some special cases of I and J. To save space we shall not 
discuss these proofs here, since most of them are tedious and rather 
lengthy. 
When our method is applied to a group W to give the group A of a 
regular incidence-polytope, then the intersection property (2) for A will 
easily follow from the corresponding property for W. In some instances it 
is actually easier to verify (2) directly for A rather than to prove (2) for W 
and deduce the property for A from the same property for W. 
In this paper we shall consider only those groups W whose diagram 
admits certain involutory symmetries, and thus the group has the corre- 
sponding outer automorphisms. Such symmetries of the diagram will 
always be indicated by an arrow. Throughout we label each node of 
a diagram by the suffix i of the corresponding generator cri; this should 
not be confused with the labelling of the nodes in diagrams which repre- 
sent unitary reflexion groups with generating reflexions of period greater 
than 2. 
We remark that we leave to [28] the discussion of further applications 
of our techniques as well as the construction of further geometrical realiza- 
tions. 
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4. OPERATIONS ON [ 1 1 ~‘1”’ 
Let n := I’ + 2 (Y > 1). We begin by discussing the groups W= [ 1 1 ~‘1”’ 
with diagram 
As unitary groups they exist only for a few values of r, 1, and m. 
The twisting operation 
(8) 
(9) 
gives us the new group A := ( pO, . . . . p,,+ , ), which is indeed the group of 
a regular n-incidence-polytope 9’. The group A is a semi-direct product of 
W by Cz, with a presentation given by the standard relations for W 
together with the relations 
TCJ”T=fJ,, (10) 
TCJ,T=CT, (i = 2, . ..) n - 1 ). 
In fact, we can always choose coordinates so that r corresponds (essen- 
tially) to complex conjugation (see Section 10). 
Now, expressing the relations in terms of po, . . . . p,, ~~, we obtain a presen- 
tation for A consisting of the standard presentation for the Coxeter group 
with diagram 
0 I 2 II 2 ,I- I c s . ..- 
I!/ (11) 
together with the extra relation 
(PoPlP2)2m=l. 
This extra relation arises from (4), (lo), and 
(12) 
From (11) we see that 9 is of type (21, 3, . . . . 3 > = (21, 3” ‘1. Also, since the 
subgroup ( po, pI , p2) of A is clearly isomorphic to the group constructed 
from [ 1 1 I’]” by our twisting operation ti (with r = l), we observe that 
for each r > 1 the 3-faces of 9 are isomorphic to the regular map (21, 3 I?,,, 
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with group ( pO, p,, p2) N G’L3.Zm N G3.2L2m (cf. [13]). In particular, the 
relations (11) and (12) imply that 9 is universal among all regular 
n-incidence-polytopes of type (21, 3” -- ’ > with co-faces to (n - 4)-faces 
isomorphic to 121, 3}2m. 
If r= 1, then 8= (21, 312, and A ‘v G3.“““. In fact, in this case our 
method was already used in Coxeter [9, p. 2661, to construct (3, 21}2,,1 = 
(3, 211, m} from [ 1 1 I’]” and thus to determine the finite groups G3.“,h 
for even values of a and h. For I= 3 and nt > 2 we get the toroidal maps 
(6, 3},,= {6, 33,,,,(, with group G3.6.2m of order 12~2’. Since [l 1 13]“2: 
[l 1 lm13, the same group can also be used to construct the finite maps 
{ 2m, 3 }6r which are the Petrie-duals of (6, 3 1 2m ; for m = 2 (in which case 
the corresponding branch is missing by our conventions) this is the cube 
{4,3}, which for m =4 it is Dyck’s map (8, 316 of genus 3 (cf. [19]). The 
only other finite instances are (8, 3j8, (8, 3},, and (10, 3j8 constructed 
from [l 1 1414, [l 1 1415, and [l 1 1514 (~[l 1 l”]‘), respectively. 
If we take the group [l 1 1414 in the form 
0 4 
D 
4 2 
with generators eO, c?,, d, (say), and set 
A ”  ”  
01 := cT(JcI‘1cT(J, 
fJr := 6, (i= 0, 2), 
then we obtain [l 1 1414 in the non-standard form’ 
Here, as in (4) and Fig. 1, the mark inside the triangle indicates the 
relation 
(~oo*o*Q,)3 = 1; 
note however that this time we cannot simply replace ~0~1~2~, by any of 
the six other products (since two of the edge labels are 4). 
2 Here we slightly deviate from the notation of [9], where marks inside triangles are only 
used if at least two edge labels are 3. 
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Now introducing the involutory automorphism T, we have 
giving ! I f with the extra relation 6 J 
(P2Pl(PoP1)2)3=1. 
This extra relation shows that the dual polytope P* of P is the map 
{4, 6 1, 3 > with 56 vertices and 84 facets; its group is a semi-direct product 
of [ 1 1 1”14 by C,. This map was already discovered in Coxeter [S, p. 601; 
it is of genus 15 and its rotation subgroup is isomorphic to PGL(2, 7). 
For r 3 1, I= 3, and tn = 2, the group W of (8) is isomorphic to the 
symmetric group S,, + , (cf. [9, p. 2501). As generators we can take the 
transpositions 
-+ 
(0 2) ((1 II 
(2 3) (3 4).,.(/l- 1 H), 
(1 2) 
arranged in the same way as the generators of W. Here, the outer 
automorphism T can be realized by the inner automorphism induced by 
(0 l), so that A=S,,+, x Cz. Then d is of type (6,3”+‘} and has n+ 1 
facets and 2n+ 2 vertices with simplical vertex-figures; if r 3 2, the facets 
are isomorphic to the regular (n - 1 )-incidence-polytope constructed in the 
same way from S, = [ 1 1 r - I]‘. In particular, the 3-faces of 9 are 
toroidal maps (6, 3},= (6, 3j,,,. If r=2, then P= {{6, 3},,,, 13, 3)}, 
with group S, x C,; this is Griinbaum’s ;ci”7,0 (cf. [21]). We remark that 
this infinite family of regular incidence-polytopes was already discovered in 
[30, p. 3291. 
Another infinite family of regular n-incidence-polytopes is obtained from 
the groups W= [l 1 r’]’ for r> 1 and />3; then A is of order 21” ‘?I!. 
Here, 9 has 1 .n facets and 21”+ ’ vertices with simplical vertex-figures; if 
r > 2, the facets are isomorphic to the (n - 1 )-incidence-polytope con- 
structed the same way from [ 1 1 (r - 1 )‘13. In particular, if r = 2 and I = 3, 
we get the universal P = ( j2/, 3 j6, (3, 3) 1, with 213 vertices, 41 facets, 
and group order 4813. This is especially interesting for I= 4, that is, 
{ (8, 3}6, { 3, 3 } ), where we have 128 vertices, only 16 facets, and group 
order 3072, because the facet is Dyck’s map (cf. [ 191). If I= 3, then 9 = 
(16, 3),,,, (3, 3) 1 is Grtinbaum’s X3., (cf. [21]). 
For 13 3 the only other finite group W is [ 1 1 2’14 = [ 1 1 214 of order 
64 .5!, which is clearly isomorphic to [2 1 11” (cf. [9, pp. 249, 2701). This 
leads to the universal d = { { 6, 3 ) 4, 0, { 3, 3 ) ) with 640 vertices, 80 facets, 
and group order 128 .5 ! ; this is Grtinbaum’s X,,, (cf. [21 I). Finally, if 
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I = 2 and r > 1, then W is isomorphic to the finite Coxeter-group [3”- 3,1.‘] 
and 9 is the n-cube {4, 3n-2}. 
The only infinite discrete unitary groups [ 1 1 r’lm are [ 1 1 1 4]6 2: 
[l 1 1614, [I 1 24]4, and [l 1 314 (cf. [9, pp. 257-2581). As remarked 
above, we cannot rule out here that additional relations to those of (4) and 
Figure 1 are needed to abstractly present these groups. The first group can 
be used to prove that the regular maps { 8, 3) r2 and { 12, 3}8 are infinite. 
From the last group we get an infinite regular 5-incidence-polytope with 
simplical vertex-figures and (6, 3 I8 = { 6, 3 I,., as 3-faces; its facet is 
((6, 3),,,, (3, 3)) =&&. Hence B is in (Y&, (3, 3, 3)). 
Concluding our discussion of the groups [ 1 1 r’lm let us remark on a 
conjecture of Griinbaum [21] concerning the universal regular incidence- 
polytopes (or naturally generated polystromata) Y& = { (6, 3}h,rr (3, 3) )-, 
with b = c or c = 0. He conjectures that ,X,,,. exists and is finite for any such 
b and c. 
Now, as the above considerations indicate, this conjecture is intrinsically 
related to the structure of the (abstract but not necessarily geometrical) 
group W= [l 1 2’1” = [l 1 21”’ defined by the diagram 
In fact, our twisting operation K turns W into a group A := ( pO, . . . . p3) 
defined by the standard relations for the Coxeter group with diagram 
. 
6 3 3 
l together with the extra relation 
(PO PI p2P= 1. 
This group A is a semi-direct product of W by C,, and thus is finite if and 
only if W is finite. Now, in [28] it is proved that A is a C-group and thus 
the group of the universal regular incidence-polytope z&&. But Wand thus 
A turns out to be finite only if m < 4. Hence, contrary to the conjecture, 
X,,0 is infinite if m > 4. 
The groups [l 1 (r-1)‘13=[1 1 (n-3)‘13 (r>2) have an infinite 
extension W with diagram 
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but as a geometrical group this is discrete only if I= 2, 3,4, or 6 (cf. [9, 
pp. 257-2641). Thus for these values of I the operation (9) gives us the 
group A := ( p,,, . . . . pn- ,) of an infinite regular n-incidence-polytope ;Y of 
type (21, 3+‘, 41, with a presentation consisting of the standard presenta- 
tion for the Coxeter group with diagram 
0 I ,I .1 I! : I, I 
. - . 
‘1 J (13) 
together with the relation 
(POP1 P2Y= 1 (14) 
(and possibly other extra relations). This proves that in the class of all 
regular n-incidence-polytopes with 3-faces isomorphic to {21, 3 lb and with 
vertex-figures isomorphic to crosspolytopes, the universal polytope is 
infinite. Note that the facets of d are isomorphic to the (n - 1 )-incidence- 
polytopes derived by the same operation from the subgroup (a,, . . . . cr,l _ 2) Y 
[ 1 1 (1. - 1 )‘I’. Again, A is a semi-direct product of W by C,. 
If I= 2, then 9 = { 4, 3”- ‘, 4) is isomorphic to the cubical tessellation in 
En-‘. If r=2 and I= 3,4, or 6, then we get infinite polytopes in 
(6 313.0, {3,4}), ({8,3)-,, {3,4j), and ((12,3},, [3,4)). Note that 
the universal ({21, 3}6, (3, 4)) is known to exist and to be infinite for any 
13 2; see Corollary 1 to Theorem 4 in [25]. 
5. OPERATIONS ON [2 2 r’lm 
Consider the group W= [2 2 r’lrn (r 3 1, 12 3) with diagram 
As a (finite) unitary group, W exists only if r > 1, I= 3, and m = 2, or r = 1 
and I= m = 3; in any case I = 3. In the former case W N S, + 5, while in the 
latter case WE C2 x PSp,(F,), the direct product of C, with the simple 
group of order 25920 (cf. [9, pp. 250, 256; 17, p. 3131); note that 
[2 2 13]3= [2 2 I]‘= [2 1 213. 
NOW, extending the operation (9) to W gives us the twisting operation 
K: (00, . . . . 0,+3; r)-(~o> 7, c2- ~4, ~5, . . . . gr+j)=: (po, . . . . pr+z) (16) 
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and this in turn the group A = ( pO, . . . . pl+?) of a regular (r + 3)-incidence- 
polytope 9 of type {4, 6, 3’). Again, A is a semi-direct product of W by 
CZ, with a presentation consisting of the standard presentation for the 
Coxeter-group with diagram 
together with the two extra relations 
and 
(&PI PoPJ3= 1. 
Here, (17) follows from (11) (with I= 3) and 
(18) 
(19) 
(20) 
While (18) corresponds to (12), (19) is a consequence of 
P2PIPOP1=a2~00t=0203. (21) 
The vertex-figures of 3 are isomorphic to the (r + 2)-incidence-polytope 
constructed from the subgroup (0 1, (T?, crq, (TV, . . . . cr + 3 > e [ 1 1 Y’ 1”’ as in 
Section 4. Also, relation (19) implies that the 3-faces of 9 are isomorphic 
to Coxeter’s regular skew polyhedron {4, 6 1 3 ); in fact, if K is restricted to 
the subgroup (a,, . . . . rr3) ‘v S5 of W, then the resulting regular map is 
(6, 413) (cf. [8, 261). 
Let r = 1. If ~PI = 2 or 3 (and I= 3), we get the finite universal 
P= { (4, 613}, f6, 3}2,03 or ((4, 613}, (6, 3}3,0), respectively. In the 
former case, the group is the direct product of S, by CZ, of order 1440; in 
fact, in this case the outer automorphism r can again be realized by an 
inner automorphism as indicated in the diagram 
The corresponding 9 has only 6 facets and 30 vertices. In the latter case 
the group is a semi-direct product of PSp,(F,) by C2 x Cz, so that P has 
432 facets and 2160 vertices. 
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6. OPERATIONS ON CERTAIN COXETER GROUPS 
The results of Section 5 suggest studying more generally the Coxeter 
group W defined by the diagram 
Here we assume r 2 0, pl, . . . . pr , > 3, and 1, s, t 2 2. For r = 0 the diagram 
reduces to a square diagram; this case was discussed in [26]. 
Now, the operation (16), that is, 
x:(00 . . . . . o,+3;z)~(o,,5,a,,a4,a, ‘..., (T,+3)=:(po,...,pr+z), 
gives us the group A = ( pO, . . . . pr+ >) of a regular (r + 3)-incidence- 
polytope 9 of type {2t, 21, p,, . . . . p,). Again, A is a semi-direct product of 
W by Cz, with a presentation consisting of the standard presentation for 
the Coxeter group with diagram 
,I I 2 3 rtl rt2 
z . ..M 
21 ‘i (23) I’ I’r 
and the extra relation 
(24) 
These defining relations can be obtained as in Section 5 by using ( 11) (with 
the 3’s replaced by the pi’s), (20) and (21). Restricting the operation K to 
the subgroup ( IS~, 02, g4, u5, . . . . CJ~+ 3 ) of W shows that the subgroup 
( po, . . . . pr+, ) of A is the Coxeter group, whose diagram is obtained from 
(23) by removing the node 0 (and the branch containing it); thus the 
vertex-figures of 9 are isomorphic to the universal (21, p,, . . . . p,}. 
Similarly, considering only the square diagram on the right we observe that 
the subgroup ( po, p,, p2) of A is the semi-direct product of the Coxeter 
group (cJ,, . . . . os) by C,, with a presentation given by the standard 
presentation for the Coxeter group z). I 5 and the extra relation If 
(24). But these relations define the group ‘of Coxeter’s regular map 
{2t, 21 1 s j (cf. [S]), so that the 3-faces of 9’ must be isomorphic to 
{2t, 21 Is}. From (23) and (24) we deduce that 9’ is universal among all 
regular (r + 3)-incidence-polytopes of type (2t, 21, p,, . . . . pr) and with 
3-faces isomorphic to (2t, 21) s j. 
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If r=O, we have 9={2t,21Is}. For l=t=2 and s&2 this is the 
toroidal map (4,413) = (4, 4},, (cf. [13, p. 1033). If s=2, then 
9 = (2t, 21 I2}, with a group of order 81. t; thus each of the 2t vertices is 
incident with each of the 21 facets (cf. [13, p. 1101). The only other finite 
instances are Coxeter’s regular skew polyhedra {4,6 13) and (4, 8 j3}, and 
their duals {6,413} and {8,4( 3 ), respectively (cf. [S]). Our method gives 
us also the classical Petrie-Coxeter-polyhedra (4, 6 14 )- { 6, 4 ( 4 >, and 
(6, 6 13 1 (cf. [S]); compare also [26]. 
Let r = 1 (and p1 3 3). By our above considerations, 9 is the universal 
{(2t,21ls), {21,p,)}.Ifp,=3andl=t=2,then~==(4,4).,,,,j4,3~)is 
finite if and only if s < 3; see also Corollary 2 of Theorem 6 in [25]. In 
particular, ((4,4),,,, {4, 3}} is the incidence-polytope discovered by 
Coxeter and Shephard [ 141; see also [21]. Its group is S, x C’?, and it has 
20 facets and 30 vertices with cubical vertex-figures; the group is a direct 
product, since again z can be realized by an inner automorphism of W. The 
group of Y= { (4, 4)2,0, {4,3}j is of order 192, so that 9 has 4 vertices 
and 6 facets, in agreement with [21, 51. 
If p, = 3, 1 =s= 2, and t 3 2, we get the finite universal 
Y={(C2t,4(2}, {4,3)$ with a group of order 96t; thus each of the 2t ver- 
tices of 9 (with cubical vertex-figures) is incident with each of the 6 facets. 
For all other parameter choices { {2t, 21 I s j, (21, p1 } } becomes infinite, 
including { (6,413), (4, 3)) and { {8,413), {4,3) ). 
Let r 3 2 (and p,, . . . . p, 3 3). Then 9 is finite if and only if 
1=2,p,= ... =p,=3, and either s=2 or s=3, r=t=2. In the case 
I= s = 2 the Coxeter group W is isomorphic to [3’- ‘,l.l] x D,, of order 
2’+*(r+ 2)!. t; thus B is type (2t, 4, 3’1, with a group of order 
2’+3(r + 2)! . t. More interesting is the case s = 3 and r = t = I= 2, where the 
group of 9 becomes a semi-direct product of the Coxeter group E, by CZ, 
of order 103680. Then 9 is a regular 5-incidence-polytope of type 
{4,4, 3, 3) with 72 facets and 270 vertices; the facets are isomorphic to 
{ (4,4},,,, (4, 3}} and the vertex-figures to the 4-cube (4, 3, 3). Also, 9 is 
the universal {{ (4,4},,,, (4, 3)}, 14, 3, 3)). 
The 4-incidence-polytope { {4, 4).,,,, 14, 3) ) and the j-incidence- 
polytope derived from E6 are the first two, but the only finite, members in 
the infinite family of regular (r + 3) - incidence-polytopes 9 (r 3 1) of type 
(4, 4, 3’1 obtained from the group W for the parameter values I = t = 2 and 
s=p,= . . . = p, = 3. For each r 3 2, 9’ has vertex-figures isomorphic to 
the (r + 2)-cube (4, 3’} and facets isomorphic to Y’-‘; also, 9’ is the 
universal (g’-‘, (4, 3’)). Clearly, we can obtain further infinite families 
with these properties by choosing other parameter values. 
All incidence-polytopes constructed from the above diagram for W occur 
as vertex figures of higher-dimensional incidence-polytopes ,?J’ derived from 
the more general diagram 
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by the twisting operation 
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Ii+!+? k+r+3 
pr 
(25) 
x: (a,, ..-, gk+r+3; t)-(u(,, . . . . ok, 5, gk+?, flk+.$, ..., %+,+J) 
=: (&,, . ..> Pk+r+?). (26) 
The resulting 9 is of type {q,, . . . . qk, 2t, 21, pl, . . . . p,} and is infinite in 
mostcases.Forexample,ifk=r=l,t=I=2,q,=p,=3,ands~2,weget 
an infinite self-dual 9 of type { 3,4,4, 3 ) with medial sections isomorphic 
to (4, 4j,s~,; in fact, 9 is universal among all regular 5-incidence-polytopes 
with facets isomorphic to ({3, 4). 14, 4},,.,) and vertex-figures isomorphic 
to its dual. But B is finite only ifs = 2, in which case the group is the direct 
product S, x S, x C,, of order 1152. Note that the self-duality of B is 
induced by the outer automorphism of W corresponding to the half-turn of 
the (hexagonal ) diagram. 
Clearly there are many further ways of extending the diagrams (22) or 
(25). For example, one can string any number of hexagonal boxes as in 
(25) in a line, with an appropriate automorphism for each box, and 
construct a regular incidence-polytope from the corresponding group. 
The situation is similar as in (27) which we discuss as a final example. 
The diagram is given by 
lt”~~~i ~ 
3 S 2 7 J 8 (27) 
Here we have two commuting involutory outer automorphisms 5 and i for 
the group W; as a permutation on the indices 0, 1, . . . . 8 of the generators, 
T and ? are represented by (0 3)( 1 2) and (5 8)(6 7). respectively. Then, 
the twisting operation 
K: (a(), . . . . c7 R;T,~)H(~~,T.~~,(TJ,~~,~,~x)=:(Po ,..., /26) (28 1 
52 MCMULLEN AND SCHULTE 
gives us the group A = ( pO, . . . . pb) of a regular 7-incidence-polytope 9 of 
type {2t, 21, p,, d,, 2[ 2f); this time, A is a semi-direct product of W by 
Cz x C, but is infinite if p,, 4, > 3. The 4-faces of 9 are isomorphic to 
4-incidence-polytopes constructed from the left pentagonal subdiagram as 
described above. Similarly, the right pentagonal subdiagram gives us the 
cofaces to 2-faces of 9. 
If the diagram is symmetrical with respect to its vertical axis, then 9 is 
self-dual. For example, if p i = b, = 3, s = s^, and I = i= t = t^ = 2, then we get 
an infinite self-dual 9 of type {4, 4, 3, 3, 4, 4}, with 3-faces isomorphic to 
(4,4>S 0 , . For s = 3, its 5-faces are isomorphic to the above 5-incidence- 
polytope derived from E,; thus its 4-faces are isomorphic to { {4,4j,,,, 
(4, 3)). Other interesting self-dual B’s are of type { 6,4, 3, 3, 4, 6) or 
(8, 4, 3, 3, 4, S}, with 3-faces isomorphic to Coxeter’s skew polyhedra 
(6, 4 13 } or .( 8, 4 13 }, respectively. 
7. OPERATIONS ON GROUPS WITH SQUARE, PENTAGONAL, 
OR HEXAGONAL DIAGRAMS 
As mentioned in Section 3, the unitary groups W= [ 1 1 2’13 can 
equally well be represented by the square diagram 
\Tj 1’ (29) 
3 2 
with a mark I > 2 inside to indicate the defining relation (6). Here, the 
twisting operation 
ti: (a,, . . . . (T 3; T) ++ (00, T, g2) =: (PO, PI, P2) (30) 
provides the group A := ( pO, pi, pz) of a regular map 9 of type {6,6}. 
The group is a semi-direct product of W by Cz, of order 4813 and with a 
presentation consisting of the standard presentation for the Coxeter group 
with diagram ‘? 6 I 6 f and the two extra relations 
(PoP1P*P1)3=1 (31) 
and 
(PO Pl(P2 P11212’= 1. (32) 
While (31) corresponds to (24) (with s = 3), observe that (32) follows from 
(~O~1(~2~,)2)2=(aOa,a2r)2=~Oo,~2a,~2a, (33) 
and (6). 
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The relations (31) and (32) imply that, in Coxeter’s notation (cf. [S, 
p. 99]), 9 = (6, 6) 3,21}. Th us (6, 6 ]3,21} is finite if and only if 1 is finite. 
In particular, (6, 6 ] 3,4) can be realized metrically by taking all the 
equatorial hexagons of all the bounding cuboctahedra of the truncated 
4-cube t, {4, 3, 3 )., while in the limiting case I= w the map becomes the 
Petrie-Coxeter-polyhedron j6, 6 13 1. Observe that, for any 12 2, d is self- 
dual, since the half-turn of the diagram induces an outer automorphism of 
A interchanging p,, and p? while keeping p, fixed. 
The above operation (30) generalizes to the more general situation, 
where the unitary group W= [ 1 1 2’1”’ is represented by the diagram 
(34) 
Again, as for [I 1 2’]“, the mark I indicates the relation (6). The transfor- 
mation from the original generators of [l 1 2’1” to the new generators 
can be made as for [ 1 1 2’13, that is, as in (7). Then our method gives 
us the regular map 9 = 16, 2~2 13, 21). If LIZ = 2 and I = 3, we get 
9={6,413,6}=(6,413}. If nz=4 and 1=3, then g= {6, 813,6), with a 
group of order 128.5!. The finiteness of 16, 8 / 3, 6) is remarkable, since 
(6, 81, 6) is known to be infinite (cf. [S, p. 1021). Using the infinite group 
[I 1 24]4 we can also prove that (6, 8) 3, S} is infinite. 
Consider the pentagonal diagram 
(35) 
for the unitary groups W = [ 1 1 3’13, where again the mark 1 indicates the 
defining relation (6). Now, generalizing (30) we can find the group 
A := ( p,,, . . . . p3) of a regular 4-incidence-polytope 9 by means of the 
operation 
K: (a,, . . . . 04; 5) --f (a,, O,, T, g3) =: (PO, . . . . p3). 
Then, A is a semi-direct product of W by C,, of order 24014, and with a 
presentation consisting of the standard presentation for the Coxeter group 
with diagram 0, 
1 2 3 
l and the two extra relations 
3 4 6 
(PI P2 P3 P213 = 1 (36) 
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(POP, Pr(P3P2)ZPI(PzP3)2PIPI)‘= 1. (37) 
These extra relations correspond to (24) and (6) respectively. The 
incidence-polytope Y is of type (3, 4, 61, with octahedral facets and 
with vertex-figures (4,6 / 3 1. If I= m, 9 is the infinite universal 
{{3,4’, j4,613;j, which covers all the finite P’s for finite 1. 
When the infinite but discrete group W= [l 1 314 (cf. [IS, p. 2581) is 
represented in a similar way by a pentagonal diagram, then we get 
(38) 
If we choose the operation as above, that is, as 
K: (Go, . ..) CJ 4; z)+ (00, Cl3 7, a,)=: (PO? ..‘1 P3), 
then we get the group A := ( po, . . . . p3) of an infinite regular 4-incidence- 
polytope 9 of type (3,4, S}, with octahedral facets and with vertex-figures 
14, 8 131. Hence .Y is in ({ 3,4}, {4,8 131). 
In the same way we can proceed with the hexagonal diagram 
(39) 
for the unitary groups W= [l 1 4’13; here, 12 2 indicates the defining 
relation (6). Then, the operation 
K: (a,, . ..) a,; z) + (a,, 01, T? ~4,~3) =: (PO, ...1 P4) (40) 
yields the group A := ( po, . . . . p4) of a regular S-incidence-polytope d of 
type { 3,4,4, 3}, which is finite if and only if I is finite. The group A is a 
semi-direct product of W by C,, of order 144015. Since the half-turn of (39) 
induces an involutory outer automorphism w interchanging the p, accord- 
ing to op,o = p4-, (i = 0, . . . . 4), we can conclude that P is self-dual. The 
facets of 9 are isomorphic to { { 3,4j, {4,4) 3,0} and the vertex-figures to 
its dual. Computing a presentation for A, we find that a set of defining 
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relations is given by the standard presentation for the Coxeter group with 
diagram t ! 2 ! .” and the two extra relations 
3 4 4 3 
(PIP2P3Pd3=~ (41) 
and 
(PO PI Pz P3 P2 PJ P3 Pr PI P2 P3 P4 P2 P3 Pz PI I’= 1. (42) 
Here, (41) and (42) correspond to (24) and (6), respectively. An equivalent 
form to (42) is 
(PO(PI P2P3Y P4lP3 PzP,?)‘= 1. (43) 
derived from (a CJ CJ (T g 0 c 0 c cr )’ = 1; this relation emphasizes the 10543?3450 
self-duality of 9. 
More generally, any group W= [p 1 #In’ can be represented by an 
(Y + 2)-gonal diagram with a tail of p - 1 branches added; this representa- 
tion can be obtained by an obvious extension of the transformation (7). 
But for this diagram to have a suitable symmetry it is necessary that r is 
odd and WI = 3; in this case all branches are labelled by 3, and there is a 
mark I inside the (r + 2)-gon to indicate a relation corresponding to (6). 
Two examples with r>3 are the finite group [2 1 313, of order 108 .9!, 
and the infinite group [2 1 43’; the corresponding diagrams are 
and 
L.4-J4 + 
6 5 
(44) 
(45 1 
respectively. 
If we apply to [2 1 313 the operation 
K: (a,, . ..) c s; T)++ (oo,cJ15 “23 73 a4) =: (PO, .‘., P4L (46) 
then we get the group A := ( po, . . . . pJ) of a finite regular Sincidence- 
polytope 9 of type (3, 3, 4, 6 l, with 4-crosspolytopes as facets and with 
co-faces to edges isomorphic to {4,6 13 l. The group A is a semi-direct 
product of [2 1 313 by C,, of order 216 .9!. A presentation for A is 
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given by the standard relations for the Coxeter group with diagram 
0 I 2 3 . i and the two extra relations 
3 3 4 6 
(P2 P3 P4 P313 = 1 (47) 
and 
(PI P2 PAP4 P3? P?(P3 P4Y P3 P2Y = 1. (48) 
Here, (47) and (48) correspond to (24) and (37), respectively. Note that 
the extra relation (48) causes a collapse of an infinite group to a finite 
group; this infinite group is the group of (the dual of) the incidence- 
polytope constructed from (22), with r = I= 2 and t = s = p1 = pz = 3. 
Observe also that the vertex-figures of 9 are isomorphic to the regular 
4-incidence-polytope constructed from the pentagonal subdiagram of (44). 
We can proceed similarly with [2 1 413 and its diagram (45). Generaliz- 
ing the operation (40) to 
Ic: (co, . ..) 0 6;~)H(~0,gl, C’z, T, 05, 04) =: (PO, . . . . Ps), (49) 
we obtain the group A = ( po, . . . . ps ), a semi-direct product of [2 1 41 3 by 
Cz. However, here we have not been able to prove the intersection 
property for the generators. If this property holds again, then A is the 
group of an infinite regular 6-incidence-polytope B of type (3, 3,4,4, 3); 
the facets of 9 are isomorphic to the dual of the 5-incidence-polytope con- 
structed from the Coxeter group E, as in Section 6, while the vertex-tigures 
of 9 are isomorphic to the 5-incidence-polytope constructed from the 
hexagonal subdiagram of (45) (that is, from [ 1 1 413) as in (40). 
8. OPERATIONS ON GROUPS WITH A CIRCULAR DIAGRAM 
8.1. Adjoining a Dihedral Group 
As in Section 4, we set n := r + 2 (r > 1). Consider again the n-gonal 
diagram 
2 3 
A TO 1 
+I-- I1 : 0 e ...,.: 
(50) 
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forthegroup W=[l 1’..1]2:[1 1 r’]‘=[l 1 (IZ-2)‘13;ifI=m, this 
represents a Coxeter group. The two outer automorphisms r0 and r, here 
generate a dihedral group D,, of outer automorphisms of W; all involutory 
elements of D,, are conjugates of r,, or t,, except that for even II the 
diagram also admits the half-turn (~"5,)'~ ‘. 
Now, using the two generators TV and 7, we find a regular map 9’ of type 
(6, II) by means of the twisting operation 
The corresponding group A := ( pO, p, . p2) is a semi-direct product of W 
by D,,> of order 2n. l)l-‘~z! and with a presentation consisting of the 
standard relations for the Coxeter group with diagram 1 1 i and h 
II 
the extra relations 
and 
(P”P’(PZ P’f)“= 1 (k=l,...,[;]-1) (52) 
((PoP’Pz)~~‘(PoP~PI)~~‘)‘=1. (53) 
The latter can also be written in the equally suggestive form 
CPOCPOP’ P2)” ’ P”(PZ PI POY ‘I’= 1. (54) 
Note that only (53) (or (54)) depends on 1. To check (52) and (53) let 
T := rot’ = p, pr. Then, (52) follows from 
(PoPl(P~Pl)li)2=PoPl(PzP’)kP~P”P~Pl(P7P’)k 
=p,z”+‘p,s-‘“+“=a,,.a,+,, 
while (53) is a consequence of 
(PoPIPr)“-‘(PoPzP’)‘i-’ 
=(cJ”T)“-’ (a()-‘)“-’ 
and (6). 
If we choose 1= c;z‘, then W is an infinite Coxeter group and 
9 = 16, n I4[“!‘] ~ ’ 1; this map is already known to be infinite (cf. [8, p. 101; 
58 MC MULLEN AND SCHULTE 
61). If n = 3, 9’ reduces to the regular tessellation { 6, 3 >, while for n = 4 it 
is the PetrieeCoxeter-polyhedron { 6,4 ( 4) (cf. [S] ). Note that the case 
I = co is really a special instance of an incidence-polytope gPx.‘, with Y 
of dimension 1, X = {n} the regular n-gon, and 9 the above n-gonal 
(X-admissible) diagram (cf. [25]). 
If fz = 3 and I is finite, then A is of order 361’, and thus B is the toroidal 
map 16, 31,,, (cf. [13]). 
The above operation (51) could be generalized by replacing the outer 
automorphism 5. by a suitable conjugate of T" in D,,. This, however, is 
nothing else but applying the corresponding facetting operation to the 
above regular maps (cf. [27]). 
For even n 3 8 the n-gonal diagram for W = [ 1 1 (n - 2)‘13 can also be 
used to construct self-dual regular 4-incidence-polytopes 9’ of type 
{4,p,4),, withp:=n/2=(r+2)/2. 
First we make no initial assumption about II. For k = I, . . . . n the 
involutory automorphism 
interchanges co and Go, and T, and talk. We consider conditions under 
which the operation 
gives the group A := ( po, . . . . p3) of a regular 4-incidence-polytope d such 
that A is a semi-direct product of W by some subgroup of D,,. 
Obviously k # 1, n - 1, because p,, and pj must commute. Note that 
( p1 p3)’ = 1 is guaranteed by construction. Now ~~~~~~~~ = oZk, so if 
m := (n, 2Er), the subgroup (pa, p,, pL) must contain the gim for all j. 
Hence, to have p3 4 ( po, p, , pZ) we must have k $ @r (mod n) for all j. 
This proves that n must be even, since otherwise k E S(n + 1). 2k (mod n). 
If n is even, then the requirement for A to contain W-implies (n, k) = 1. In 
fact, the transforms of g0 and (TV by the subgroup (Q. T, ) are precisely 
the IS,“, and the ci,,, + k, respectively. Hence, in order to get all generators of 
W we must have nr = 2, k odd, and thus (n, k) = 1. In particular this also 
implies n 3 8. In what follows we assume that n = 2p is even, n> 8. and 
(n, k) = 1. 
Now, by our assumptions on n and k, we have ( p,, pZ) = D,. This 
shows that the regular 4-incidence-polytope 9 is of type 14, p, 4) and its 
group A is a semi-direct product of W by D,, of order n .I”-‘n!. This 
automorphism mk is not in A but interchanges the generators according to 
Mk Plcck = P3 I (i = 0, . . . . 3). (56) 
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This proves that d is self-dual and c(~ induces the unique polarity 
(incidence reversing permutation of period 2) of B fixing the base flag. 
Thus the extended group D(P) (the group of all incidence preserving and 
reversing permutations) of B is a semi-direct product of W by D,, 
(= (70, z, )); clearly it is also a semi-direct product of A by C,. 
Now, computing a presentation for A we find among the defining 
relations the set of relations 
(PoP,(P2P,)'Y= 1 (j=l,...,[;]-1) (57) 
and the corresponding dual set (but other independent relations too). On 
the other hand, we have the isomorphism 
the wreath-product of Cz by D, (with D, acting as usual). But together 
with (57) this shows that the facets of :Y are isomorphic to Coxeter’s 
regular map -$, := (4, p / 4cP’“1P ’ } (cf. [S]) and the vertex-figures are 
isomorphic to “@p*. 
Hence we have found for any p 3 4 an infinite family of finite self-dual 
regular 4-incidence-polytopes with facets %l,, and vertex-figures -l”tf, one 
member for each pair (li, I). In particular, this proves that the universal 
(c,t”(“,, =L?‘;)- exists and is infinite; for another proof of this fact see also 
Corollary 1 of Theorem 5 in [25]. If p =4, then c&P= L~h = {4, 4},,, (cf. 
[ 13]), so that ({4,4 )4.0, 14, 4},,} turns out to be infinite. 
Though all incidence-polytopes obtained will be self-dual and have the 
same kinds of facets and vertex-figures, those for the same p and 1 will not 
necessarily be isomorphic. In fact, in A we have 
and so the order is 3 if 3k = 1 or - 1 (mod n), or 2 if 31i $ f 1 (mod n). But 
for isomorphic incidence-polytopes the orders of corresponding group 
elements must be the same. For example, with p= 7, we get non- 
isomorphic incidence-polytopes for k = 3 and k = 5. 
Concluding this section we briefly discuss a construction which resembles 
the constructions of Section 9. Take 2 copies of the polygonal diagram for 
W= [ 1 1 (n - 2)‘13 (n 3 3) and the outer automorphisms ~~~ 7, acting 
simultaneously on both, except that in the second diagram the roles of z. 
and 7, are reversed. Thus 
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Then the operation 
gives us the group A = ( po, . . . . pj) of a regular 4-incidence-polytope 9’ of 
type (6, n, 6). The group A is a semi-direct product of W x W by D,,, of 
order 2n. (I”-‘n!)2. Hence 9 is finite if I is finite. The facets of 9 are 
isomorphic to the maps constructed in (51). Clearly, P is self-dual. 
We get variants of type (4, n, 4) if we replace r. by a suitable conjugate. 
Further, there are non-self-dual examples of type (4, n, 4j, and examples of 
type j6, n, 4), if we replace r0 by different conjugates in the two diagrams. 
8.2. Adjoining a Rejlexion and a Ha(fTurn 
In all our applications so far, the twisting operations were based on sym- 
metries of diagrams which are realizable by a reflexion. Our next construc- 
tions use one reflexion and one half-turn (T) of the circular diagram; but 
see also Section 8.3. 
Consider the Coxeter group W with diagram 
*T 1 
A---- 
c 
1 4 2 
S s 
: 
q 
0 ’ 
0 
3 
s 
s 
5 4 4 
(59) 
where possibly q = 2 or s = 2 (in which case we regard the corresponding 
branch as missing). Now, from the same operation 
x: (co> . . . . CJ,;T,, T)-(T,, OI* T, a,)=: (PO, . . . . p,) (f-50) 
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we get the group A := ( pO, . . . . p3) of a regular 4-incidence-polytope ;Ip of 
type (4,4,4}. Here, we find that the subgroup 
is a semi-direct product of D, x D, by C3 x C,, while 
is a semi-direct product of D, x D,< by Cz. Hence 9 has facets (4,4},, and 
vertex-figures (4, 4 ’ iS,0 (cf. [13]). The group A itself is a semi-direct 
product of W by C2 x C?, so that 9 is finite only if s = 2, or s = 3 and 
q = 2. So far we can conclude that for any q, s 3 2 the universal 
i (4% %,,7 147 %d exists, but can only be finite if s = 2, or s = 3 and 
q = 2. 
Now, computing again a presentation for A we find that A is 
defined by the standard relations for the Coxeter group with diagram 
l and the two extra relations 4 4 4 
(POP, P:Yq= 1 (63) 
and 
(PI PIP3 P2Y= 1. (64) 
These two relations follow from 
and 
But since (63) and (64) define the maps (4,4},,= {4,4},,, and (4,4(s) = 
(4,4},, (cf. ES, 1311, respectively, we can identify 3 as the universal 
{ {4,4),,, (4, 4},,) itself. The only finite instances are { (4, 4}2,2, 
(4, 4)3,0} and { {4,4),,,, j4,4\ , 2.0) for q 3 2, with groups of order 2304 
and 64q2, respectively; see also [S] and Corollary 2 to Theorem 6 in [25]. 
In some instances, the above operation (60) can also be applied to 
suitable quotients of the Coxeter group defined by (59). For example, if 
q=2, B:= (c,, G,,, as) is the group of a finite self-dual regular map of 
type {s, s}, and ( g4, c3, crz) is another copy of B such that a4 = a,, 
a3 = go, and az=a5, then the two copies of B can be fastened together by 
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the same operation as above to give the group A of a finite regular 
4-incidence-polytope P of type (4, 4, 4), with facets { 4, 4)2,2 and vertex- 
figures {4,4},,,. Then A is a semi-direct product of B x B by C2 x C,. 
The situation is similar for the group W= [ 1 1 4’13 with diagram 
(65) 
5 4 
Again, the operation (60) gives a group A which is a semi-direct product 
of W by C2 x C,. The subgroup ( po, p,, p2> is a semi-direct product of 
S, x S, by C, x C2, while ( pI, p2, p3) is a semi-direct product of S3 x S3 
by C,. Thus the corresponding 4-incidence-polytope 3 has facets (4, 4f,,, 
and vertex-figures (4,4} 3,o, This shows that there is an infinite sequence of 
incidence-polytopes P with facets {4,4) 3.3 and vertex-figures {4, 43J.o, one 
member for each I. For I= ocj we obtain again the universal 
((4,4),.,, {4,4),,,); this corresponds to the case q=s=3 in (59). For 
finite I one extra relation has to be added to (63) and (64) (with q=s= 3); 
it corresponds to (6). 
One is tempted to generalize the operation (60) to cover the groups 
W = [ 1 1 r’] 3 with an (r + 2)-gonal diagram corresponding to (63), r 3 6 
even. However, the operation (which is (60) with (TV replaced by CT~, p = 
(r+2)/2) is easily seen to involve only 6 of the generators (T,, so that we 
are really in the case of (59) with q = 2 and s = 3. 
In a similar way we can deal with the diagram 
1 2 
s S 
T  
Tl 
I-- 
0 m  
4 “: 
% P It m ,3 
s s 
5 4 
(66) 
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This diagram represents the direct product W= Bx B, where the com- 
ponents B are given by the two triangular subdiagrams. The case I= 2 
corresponds to (59). 
Now, the operation (60) applied to (66) gives us the group A 
of a regular 4-incidence-polytope B of type (2/, 4,4), which is again 
a semi-direct product of W by C2 x C2. As a presentation for A 
we have the standard relations for the Coxeter group with diagram 
. 
li 4 4 l and the three extra relations (63) with q= 2, (64), 
and 
(P2 P3 Pz PI(PO Pr?Y’== 1. (67) 
The last relation corresponds to (~,a, c5 cr, )“’ = 1; it is the only relation 
which depends on m. The subgroup ( p,,, p, , pZ > is a semi-direct product 
of D,xD, by CZxCZ, while (p,, pZ, p7) is a semi-direct product of 
D,, x D, by C2. The relation (63), with q = 2, implies that the facets of 9 
can be derived from the regular map {21,4 I4 by making suitable identitica- 
tions; this map is the Petrie-dual of [4,4j-,, = {4, 4),,, and thus has the 
same group (cf. [ 131). However, as used above, the group of (4,4},,, is a 
semi-direct product of D,x D, by C2 x Cl, and thus coincides with 
( pO, pi, p,). But this proves isomorphism of f21, 4j4 with the facets of 9. 
As before, the vertex figures of 9 are isomorphic to 14, 4},3,,. 
If M = cc (and thus W is a Coxeter group), the defining relations for A 
imply that g is the universal ( f21, 414, { 4, 4) r,O >. The only finite instances 
are (14, 4},.2{4, 4}2.0], (14. 4)2,2, {4,4) 3.0j, and { (2L4}.,, (4, 4fz.,,j, 
with groups of order 256, 2304, and 641’ (I> 3). 
Let s = 3, t 3 3, rn B 2, and let B be the unitary group [ 1 1 I’]“. Then 
9 is obtained from the infinite universal { { 21, 4 j4, (4, 4j3,“} by factoring 
out the relation (67) (and possibly further relations if B is infinite). From 
the group B= [ 1 1 131m = [ 1 1 11”’ we get an infinite family of regular 
4-incidence-polytopes in the class ( (6, 4i4, (4, 4},,,), one for each m, 
with a group of order 144~2”. As [ 1 1 1’1”~ [ 1 1 l/l3 for I=m, we also 
obtain from the same group an infinite family of members in the class 
<{2L4)4, (454 ),,,), one for each I, with a group of order 144/4. From the 
remaining finite groups [l 1 1414, [l 1 1415, and [l 1 l’]“~[l 1 1415 
we can construct finite members of the classes ((8, 4j4, (4, 4),,,), 
((8, 414, (4,4),,,,), and ({IO, 414, [4,4},~,), with groups of order 
4.336*, 4 - 2160*, and 4.2160’, respectively. 
If we take B= [ 1 1 1414 in the non-standard form as described in 
Section 4, then we are in the case s = 4 and m = I = 3. Here we obtain a 
member in ((6, 4j4, {4,4},,,), with a group of order 4.336*. 
Another generalization of (59) is given by the Coxeter diagram 
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s 
0 
: 
s 
(68) 
Here, the nodes 1 and 4 as well as 2 and 5 are joined by branches with 
label t, while 0 and 3 are connected by a branch marked u. 
Now, applying (60) to the corresponding Coxeter group W yields the 
group A of a regular 4-incidence-polytope 9 of type 121, 2t, 2~1.; again, A 
is a semi-direct product of W by C, x CZ. Computing a presentation we 
find that A is defined by the standard relations for the Coxeter group with 
diagram !i -,, L ?, ’ 2I, 2 and the two extra relations (63) and (64). 
These two extra relations suggest that the facets and vertex-figures of 9 are 
isomorphic to the regular maps { 21,2t ‘, zq and (2t, 2u 1 s}, respectively. This 
is in fact true and can be proved by restricting the operation (60) to the 
two subgroups (0,. c2, 04, a,) and (co, cr,, c~, ad) of W, respectively; 
the first restriction leads to (63) and thus to 121, 2r jXy, while the second 
gives (64) and thus {2r, 2zdls}. But since (63) and (64) are the only extra 
relations for A, we can conclude that B is the universal ( {21, 2t) zy, 
{2t, 2241s)). 
However, .P is infinite except for a few cases. In fact, there are only two 
choicestomake Wafinitegroup:s=3andl=q=t=u=2;ors=2,u32 
and two of the parameters f, q, t are 2. The first choice gives the finite 
{ (49 4)?,22 i45 433.0, ’ described above. The second choice leads to the finite 
w4 q.yr (4,242}), {{4,2t),, {2t,2ul2)}, and ({X4},, (4,2u/2}}, 
with groups of order 32uq’, 32ut’, and 32ut’, respectively. Note that choos- 
ing as { 2t,2u 1 s) one of Coxeter’s skew polyhedra (4, 6 I 3 )-, (4,8 / 3 ), or 
their duals, always gives an infinite universal { 121, 2t jzy, [2t, 2u( .Y} ). 
8.3. Adjoining Two Commuting Refe-xions 
Further constructions of incidence-polytopes are based on diagrams, 
which admit two symmetries realizable by commuting reflexions; then the 
diagram admits also the half-turn as a symmetry. 
For example, consider again the diagram (59) and the corresponding 
Coxeter group W. Let T* := ZT, be the outer automorphism of W 
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corresponding to the reflexion of the diagram in its vertical axis; then 
T,t2=T2Tl. Now, changing the third generator of (60) to rZ gives us the 
operation 
K:(~o,...,~~;T~.T~)H(T,,~~,T~,~~)=:(Po,...,P~) (69) 
and this in turn the group A := ( pO, . . . . pj) of a regular 4-incidence- 
polytope 8. Since zZ = TT~, the map (zI, fl,, T)H (TV, c,, TV) is a Petrie- 
operation in the sense of [27], so that the facets of d are the duals 
of the Petrie-duals of the duals of the facets of the 4-incidence-polytope 
constructed by (60). 
The group A is a semi-direct product of W by C, x C,. The facets of 6 
are isomorphic to j4,2ql,, while the vertex-figures are isomorphic to 
{2q, 4 1 s} (by our considerations in Section 6). By using (63) and (64) 
9 can be identified as the universal ( (4,2q),, {2q, 4 ( ~1). Thus, 
{{4,2q),, {2q,41s}] is finite if and only if s=2, or q=2 and s=3; the 
corresponding groups are the semi-direct products of D, x D, x C, x C, by 
C, x C, and of Sj x S, by C, x C,, respectively. This was already proved in 
Section 8.2. 
Similarly, if we apply the same operation (69) to the diagram (65) then 
we obtain regular 4-incidence-polytopes 9 of type {4, 6, 4). Again, the 
group A is a semi-direct product of W by C, x C’?, of order 28801”. The 
facets of 9 are isomorphic to 14, 6j4, while the vertex-figures are 
isomorphic to {6, 4 / 3 1. In particular this proves that the universal 
34,6},, {6,413)) exists and is infinite. 
If we generalize (69) to the groups W= [I 1 #I3 (r36 even) in a 
similar way as we did with (60), then the group A becomes a semi-direct 
product of S, x S4 by CZ x C, and 9 the universal [ (4. 4)2.2. {4, 4)3,0j. 
Now, proceeding with diagram (66) the operation (69) gives us a regular 
4-incidence-polytope 9 of type {21,4,4j. However, in this case .“P is 
isomorphic to the regular 4-incidence-polytopes constructed previously 
from (66). In fact, the new generators pO. . . . . p3 of the (same) group A also 
satisfy the defining relations for A in terms of the old generators; further, 
the two sets of generators are obtained from each other by the same 
procedure (or mixing operation in the sense of [25]), namely by replacing 
the third generator by its product with the first generator. 
Finally, if we apply the operation (69) to the Coxeter diagram (68), then 
we obtain the group A of a regular 4-incidence-polytope 9 of type 
(21, 2q, 221). Here, it is easily checked that the only extra relations for A are 
(P”PI P3Yf= 1 
and (64), so that 9 is the universal ( j21, 2q IZ1, j2q, 2u 1 s). ). The finite 
cases have been determined earlier. 
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One is tempted to generalize (60) or (69) further by changing the first 
generator from r, to rrr = r2 or tZr, = r, respectively. However, this fails, 
since the (new) first and last generator will not commute. 
Now consider the diagram 
+ oo; 
3 
(70) 
+-t+ 72 
for the unitary groups W := [ 1 1 2’]“, of order 2413. Here, the two outer 
automorphisms r1 and T* commute, so that the operation 
~:~~0,~~‘~~3;~1~~2~~~~,,~1,~0,~*~=:~P0,~~~,P3~ (71) 
provides the group A := ( po, . . . . p3> of a self-dual regular 4-incidence- 
polytope &P of type (4, 3,4), with cubical facets and octahedral vertex- 
figures. The group A is a semi-direct product of W by C, x CZ, of order 
9613, and with a presentation given by the standard relations for the 
Coxeter group with diagram t 1 2 i and the extra relation 
4 3 4 
(PoP1P2P,P3)2’=1; (72) 
this extra relation corresponds to (6). The self-duality of 9 follows from 
the fact that the reflexion of the diagram corresponding to the permutation 
(0 1)(2 3) of the nodes induces an involutory outer automorphism w  of A 
interchanging the generators according to wpio = p3 ~, (i = 0, . . . . 3). 
Observe that for I= co we get 9 = (4, 3,4),. 
When we apply the same operation (71) to the Coxeter diagram 
Y 
+ O(j 2 (I 
3 
(731 
then A becomes the Coxeter group with diagram ! I 2 3 . 
4 Y  4 
and 9 the universal (4, q, 4). More generally, the universal (2p, q, 2r) can 
be constructed from the diagram obtained from (73) by joining the two 
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pairs of nodes (0, 2) and (1, 3) by branches with labels r and p, 
respectively. 
In a similar way we can use the infinite unitary groups W with diagram 
(74) 
to construct infinite regular 4-incidence-polytopes B of type {2p, 3,4) 
(cf. [9, p. 2.571). By our discussion in Section 4, the facets of 9 are 
isomorphic to {2p, 3 ) 6, the Petrie-dual of {6, 3}, = { 6, 3 lp,O. The group 
A of d is a semi-direct product of W by C, x Cz, with a presentation 
consisting of the standard relations for the Coxeter group with diagram 
0 I I . ? and the extra relation 
IP 3 .? 
(PO PI P*T = 1, (75) 
(and possibly some independent relations). The extra relation (75) arises as 
in (12). In particular, these considerations imply that the universal 
{ {2p, 3 }6, ( 3,4 1) is infinite. This was already observed in Section 4. 
Again, let W := [ 1 1 2’13 be represented by the square diagram 
(76) 
with the two commuting outer automorphisms T, and t2 as indicated. Then 
the operation 
K: (a,, . ..) a,; 71, t2) + (51, (Jo> ta) =: (PO? PI, PJ (77) 
gives us the group A := ( pO, p,, pr) of a self-dual regular map 9 of type 
{ 6, 6 >. Again, A is a semi-direct product of W by Cz x C,, of order 961 3, and 
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with a presentation consisting of the standard presentation for the Coxeter 
group with diagram z 6 ! 6 i and the two extra relations 
(POPI P2T= 1 (78) 
and 
(Pz PI(PO PI 1212’= 1 (or, more suggestive, (pO pl( pZ p,)‘)*‘= 1); (79) 
again, (79) corresponds to (6). For the self-duality, note that the reflexion 
in the horizontal axis of (76) induces an involutory outer automorphism o 
of A interchanging the generators according to op,a, = pZ ~, (i = 0, I, 2). 
When the same operation (77) is applied to the Coxeter diagram 
then we get the regular map 9 = { 2p,2q > 2r (cf. [ 131). In fact, A has a 
presentation consisting of the standard presentation for the Coxeter group 
with diagram i 1 2. and the extra relation 
2P 2Y 
(POP, P21zr= 1. (81) 
The only finite maps are the toroidal maps (4,4},, = (4, 4),,,, their Petrie- 
duals, and the duals of the Petrie-duals (cf. [ 131). Also, 9 is self-dual if 
P = 4. 
If we change the first generator of (77) to z := zl ~~ (realizable by the 
half-turn of (76) or (80)), then the corresponding 9 is replaced by its 
Petrie-dual. For (76) this gives us maps of type 14, 61, while from (80) we 
get the maps (2r, 2q),,. Note that for (80) this change corresponds to 
redrawing the diagram in a suitable way; this illustrates the symmetry 
between p, q, and r. 
We remark that our operation (77) for the diagram (80) is implicitly 
used in Coxeter [7] to determine all the finite goups Gm,n,p with m, n, p all 
even. In particular, (6, 6j4, (4, 6}6, and (6,4} 6 are recognized as infinite 
maps. This is especially interesting, since more than 30 years later these 
maps were rediscovered by Griinbaum [20] as the three regular 
apeirohedra in E3 with finite skew faces and flat vertex-figures; in 
Griinbaum’s notation they are {6s”3/1, 6}, {4”13/1, 6}, and { 6”/‘/1, 4}, 
respectively. 
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9. OPERATIONS ON DIRECT PRODUCTS OF DIHEDRAL GROUPS 
Our next construction resembles the construction of the regular 
incidence-polytopes 2X,“‘“’ of [25, Theorem 31. 
Let X be a regular d-incidence-polytope of type jp,, . . . . pJ 1 >, and let 
50, . ..1 Sd- , be the distinguished system of generators of A(X) detined by 
the base flag @ of X. For simplicity we assume that A” is a finite lattice, 
with vertex set V= (0, 1, . . . . I:- 11 (say). where 0 is the vertex in @. Then 
A(X) acts faithfully on V in the natural way; in particular, the vertex 0 is 
fixed by r,, . . . . rdm,. 
In the sequel we shall consider only incidence-polytopes A”, which are 
self-dual in the strong sense that the outer automorphism of A(X) which 
is induced by the unique polarity fixing @ is realizable by an inner 
automorphism of A(X). In other words, there exists 4 (say) in A(X) such 
that 
d~,d-‘=r,-, , (i=O, . . . . d- I ); (82) 
then (64 (5,. . . ..T~ ,>, so that &O)#O. Hence, as &,+4 ‘, . . . . 4~~~ ,d ’ 
are the basic generators of A(X) with respect to the flag d(Q), we see that 
reversing the order of the original generators ri gives us a new basic set of 
generators. For our purposes it is important to note that the new basic 
vertex, ZI - 1 (say), is different from the old basic vertex 0. Examples of such 
incidence-polytopes are the cl-simplex and the regular p-gons with p odd. 
Now, consider the Coxeter diagram 9 consisting of v disjoint branches 
with mark S, one branch for each vertex in V. Denote by k and k + L: the 
two nodes of the branch corresponding to the element k in V; then the 
nodes in 9 are labelled by 0, 1, . . . . 20 - 1. For example, if X’ = (3 3, then P 
takes the form 
i 
(83) 
In the general cases the Coxeter group W= (a,, . . . . aZL.- 1 ) defined by .9 
is isomorphic to the direct product X ;: b D,, of order (2s)‘. By construction, 
the action of A(X) on Vinduces an action on 9, so that rO, . . . . td. , become 
involutory outer automorphisms of W. In particular, the sets of generators 
51, . . . . rd- , and zo, . . . . ~~~ z leave invariant co and oI,, , , respectively. 
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Now the operation 
K: (a,, . . . . U& 1; TO, . . . . Td- 1) I-+ (a,, To, . . . . Td- 1, GZr I) =: (PO? ...3 Pdc 1) 
(84) 
gives us the group A := ( pO, . . . . pd+ i) of a regular (d+ 2)-incidence- 
polytope 9 of type (4, p,, . . . . prl- 1r 4). It follows that A = D,Y 2 A(X), the 
wreath-product of D, by A(X) (defined with respect to the natural action 
of A(X) on the u copies of D,,); the order of A is (2s)‘. IA(X)]. Computing 
the subgroup ( p,,, ,.., pd) of A, we find that the facets of 9 are isomorphic 
to the incidence-polytope 2X (cf. [ 15,251). Similarly, the vertex-figures of 
9 are isomorphic to the dual of 2”’ = 2X. 
Further, .Y is self-dual provided there exists an involutory 4 with 
property (82). (We do not know of any example where 4 cannot be chosen 
as an involution. Note that (82) implies that 4’ is in the centre of ,4(P), 
so that qS2 = 1 if the centre is trivial.) To check the self-duality let q% be the 
automorphism of A(X) which acts on A(X) according to (82) (that is, 
&r,) = rdP , i for i = 0, . . . . d- 1 ), and let 2 be the outer automorphism of 
W corresponding to the permutation 
n=(O u+f$(O))(l u+qql)). ..’ .(0-l 0+&u-l)) 
of the nodes of 9. Note that Ti is indeed an automorphism of W, since 4 
is an involution; in fact, two nodes i and j are joined in 9 if and only if 
x(i) and n(j) are joined in 9. Then (by an abuse of notation), the “product” 
o := i. f is an involutory outer automorphism of the semi-direct product 
A = W.A(Y) interchanging the generators according to wp,~=p,+,_~ 
(i = 0, . . . . d+ 1); for i = 0 this follows from Q(0) = u - 1. 
If X = {p} with p odd, then we get self-dual regular 4-incidence- 
polytopes 9 of type (4, p, 4}, whose group is the wreath-product D, 2 D,, 
of order (2~)~. 2p. The facets of 9 are isomorphic to Coxeter’s J$ := 
(4, pl4CP’2’-’ ), while the vertex-figures are isomorphic to the dual AZ. 
Again, we can conclude that the universal {J&~, &‘p*} exists and is infinite; 
see also Corollary 1 of Theorem 5 in [25]. 
If X=(3dP’}, then A(X)ES~+~ and thus A=D,lSd+,, of order 
(2s)d’ ’ (d+ l)!. The resulting P has cubical facets and crosspolytopal 
vertex-figures. (A suitable notation for 9’ is (4, 3dP ‘, 4}s,0d, since as the 
vertex set for a realization we can take the Cartesian product of d + 1 
s-gons.) 
The above construction can be generalized in many ways by allowing 
diagrams, in which the nodes 0, 1, . . . . u - 1 (or u, u + 1, . . . . 2u - 1) are 
connected by branches in such a way that A(X) acts on the induced 
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subdiagram (and thus on the whole diagram) as a group of diagram 
automorphisms. These generalizations are in the spirit of the construction 
of the incidence-polytopes Y.X-,9 of 1251 and provide self-dual P’s if X is 
self-dual (with the above restrictions); the above diagrams correspond to 
the case where 9 is the trivial diagram on V (that is, has no branches but 
1) isolated nodes). 
The above incidence-polytopes (and also those obtained from more 
general diagrams) can be realized as facets of higher-dimensional incidence- 
polytopes in the following way. Extend the diagram 3 by adding one node 
2v (say), which is connected to each of the nodes v, L’ + 1, . . . . 20 - 1 by one 
branch labelled q (23) but is not connected to any other node. Let 4 
denote the extended diagram. If X = i 3 j, then @ takes the form 
(85) 
Now, for general X, we can regard A(X) as acting on G in the same 
way as on 9 but with fixed point 2~. Thus we can construct regular 
(d+ 3) - incidence-polytopes 9 of type { 4, p, , . . . . pr,-, ,4, q} by means of 
the operation 
hz: (a,, . ..) fJzr; To, . ..) Td-1) -+ (‘Jo> To, . ..> T,/ , > gzr 1, ozc) =: (PO. . . . . ,0d+2). 
(86) 
The resulting group A := ( po, . . . . pdtZ ) is a semi-direct product of the 
Coxeter group W corresponding to $ by A(X) and is infinite except for 
a few cases. It can be shown that the vertex-ligures of 9 are isomorphic to 
the incidence-polytope YX with Y = {q) (cf. [25]). 
In the case of diagram (85) with q= 3 we get regular 5-incidence- 
polytopes 9 of type (4, 3, 4, 3}, with 24-cells { 3, 4, 3) as vertex-figures. 9 
is infinite unless s = 2, in which case the group order is 9216. For general 
s> 2, the facets of 9 have a group of order 48~~. If s = 3, then W is the 
infinite but discrete euclidean Coxeter-group T, (cf. [ 111). 
We remark that some of the incidence-polytopes constructed in this 
section admit realizations in higher-dimensional euclidean space. 
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10. GEOMETRIC REALIZATIONS 
As mentioned in Section 2, we shall obtain the geometric realizations of 
our incidence-polytopes 9 from suitable faithful orthogonal representations 
of A(b) by applying Wythoff’s construction. This requires: first, to regard 
the underlying unitary reflexion group W (in the standard way) as a 
euclidean isometry group operating on a space of twice the dimension; 
second, to realize the outer automorphisms r as euclidean isometries of 
the same space; and third, to determine the Wythoff space of this repre- 
sentation and check if it is non-empty. Then the realizations for 9 are 
constructed as in Section 2. 
As to the first step, we can make use of the fact that explicit unitary 
representations for W are available in the literature (cf. [9, 33, 34)) and 
need only be transformed into real representations. Fortunately enough, in 
many cases, the outer automorphism T turns out to be realizable (essen- 
tially) by complex conjugation, so that the corresponding real map is in 
fact a euclidean isometry too. This turns A(P) into a euclidean isometry 
group generated by reflexions which are not hyperplane reflexions in 
general. However, often we still find it more convenient to work with com- 
plex rather than real coordinates, since this considerably simplifies the 
notation. Recall our convention (Section 2) that euclidean reflexions are 
identified with their mirrors. We extend this to unitary reflexions as well as 
to the (real or complex) geometrical realization of r. 
(a) We begin with realizations of some incidence-polytopes constructed 
in Section 4. 
Let the unitary group W= [l 1 r’]‘= [l 1 (n - 2)‘13 (where again 
n=r+2> 3) be represented by the diagram 
This is a special case of (8), with m = 3. Define b := e’““‘. As generators 
00, .“> 0, ~ I for W (operating on unitary n-space U,) we can take 
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(cf. [9, p. 2641). The outer automorphism T of W is easily seen to be 
realizable by the map 
5: (5 0, ..., <,,. ,)H(h[“,{,, :z ,..., c,, ,); (89) 
in fact, ~‘=l, RT~T=~,, and VJ,~=~J, if i>2. 
In the sequel we shall often make use of the fact that each element of W 
can be represented in the form 
(503 “‘> i”,,- I) - (vo, .‘.. v,,- I) 
such that 
q, = h”f -XII) (i = 0, . . . . 72 - 1 ), 
n-l 
with c V, ~0 (mod I) and 71 E ~~O.....,r- I ; cz ‘% (90) 
1=0 
(cf. [34, p. 2771, with W=G(l, 1, n)). 
Now, the n-incidence-polytope 2 was constructed from (87) by means of 
the operation (9), so that the generators p, of A(g) are given by 
(PO, . . . . p,, ,)= (5, ‘JI, g2, . ..> c,,-, 1. 
We shall construct faithful realizations for both B and its dual 6*. First 
we discuss a realization for the dual 8*. In particular, we shall recognize 
P* and thus also P as a lattice. We shall assume 12 3 from now on, since 
9 is just the n-cube {4433”P1i if 1=2. 
The Wythoff-space of the representation of ,4(9*) is easily determined as 
(pan ... np,,-z)\P,l-I=(zna,n ... no,,-,)\c,,~ , 
= [CO ,..., 0,;“) I AeR\jO) ). 
Hence, we can pick G o := (0, . . . . 0, 1) as an initial vertex. The set V of trans- 
forms of Go by A(P*) is given by 
v = { (0, . ..) 0, b”, 0, . ..) 0)~06kdn-1,Obvbl-l}; (91) 
* 
k 
this is the vertex set for our realization of b*. Next we can proceed as in 
Section 2 and construct the base flag and its transforms by the group. 
Equally well we can define the i-face G, in the base flag {G,, . . . . G,,- , > by 
G;=(q3(G,)l~~(p,- ,,..., p.. ,))={(O ,..., 0, 1,0 ,..., O)lk3n-i-l:, 
t 
k 
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for i = 0, . . . . n - 1. In particular, this implies that the facets are precisely the 
subsets 
{(IF, 0, . . . . O), (0, hfl’, 0, . . . . 01, . ..) (0, . ..) 0, IF’)), 
with C::i 1~; = 0 or 1 (mod I); the i-faces are the (i- 1)-subsets of the 
facets. 
The family of all these subsets gives us a simplical (n - 1)-complex, 
which is a regular n-incidence-polytope of type {3”- 2, 21) whose co-faces 
to (n-4)-faces are isomorphic to {3,21),. Now, bearing in mind that P* 
is universal among all regular n-incidence-polytopes with these properties, 
we can establish isomorphism with P* by comparing the number of 
vertices or facets. But in both cases these numbers are n I and 21”-‘, 
respectively, so that we have isomorphism. In particular, being a simplicial 
complex, b* must be a lattice. 
It is interesting to observe that the vertex set V of (the realization of) b* 
coincides with the vertex set of the generalized crosspolytope /I!,, or 
in Coxeter’s notation (cf. [12; 32; 9, p. 2641). Here, as usual, a ring around 
the kth node indicates that the polytope (or honeycomb) was constructed 
by applying Wythoff’s construction with initial vertex a point on the 
mirrors of all except the kth basic generator of the group. In fact, since the 
symmetry group of /If, consists of all transformations 
4, = h”f E(f) 
(with no restriction on c::d vi as in (90)), we even find that all i-faces of 
P* are i-faces of fl!, (id n - 1). Hence, 9* is a “subcomplex” of b:. 
We remark that for n = 3 the realization for ??* was already discovered 
in Coxeter [9, p. 2621. This is the case of the map P* = (3, 21),, which 
thus has a realization in euclidean 6-space Eb. 
Now, to construct a realization for 9 itself consider the Wythoff space 
(p,n ... np,,-,)\po=(o,n ... no,,-,)\7 
= {(i, 2, . ..) /I) 1 k@\(O)}. 
As an initial vertex we choose F, := (1, 1, . . . . 1). Then the set V of trans- 
forms of F, by .4(P), the vertex set for the realization, splits according to 
v= PUT(P), 
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with 
and 
n-1 
T( 8) = (!I”‘, . . . . h+‘) 1 v, E 1 (mod I) ; 
/=O 
thus 1 VI = 21”- ‘, in agreement with the fact that B has 21”+ ’ vertices. The 
faces in the base flag {F,, . . . . F,, I ). of the realization are given by 
F;= (Wo) 14~ (~09 . . . . P, ,>I 
i- I 
= (h“” ,..., /I“~-‘, 1, . . . . 1) 1 v,~Oor l(modI) 
j=O 
for i = 0, ..,, n - 1. The other faces of the realization are the transforms of 
the F,‘s by the elements of A(Y). This gives in fact a faithful realization of 
2, with its vertices among the I” vertices of the generalized orthotope ri, 
(cf. [ 12, p. 1181). Note that the subset 9 of the vertex set V is precisely the 
vertex set of the complex polytope 
which is (11 1 Y’)~ in Coxeter’s notation (cf. [9, pp. 261, 2711); this 
polytope is Shephard’s fractional polytope (l/1) yf, (cf. [33, p. 3781). 
(b) The unitary group W= [ 1 1 (H - 2)‘]’ is isomorphic to S,,, , 
(II 3 3). As we saw in Section 4, the generators can be chosen according to 
+ 
(0 2) 
IO II (2 3) (3 4)...(n- 1 n), 
(1 2) 
where the outer automorphism z can be realized by conjugation with (0 1). 
The corresponding regular n-incidence-polytope Y was defined by (9). so 
that we have again 
(P 0, . . . . p, ,) = (7, 0,. C?, . . . . CJ,, ,). 
Among the various possibilities of representing ~(9) as a group of 
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euclidean isometries we choose the following irreducible representation on 
the euclidean n-space. Formally we shall work in En+’ but consider the 
group only as acting on the hyperplane 
H:= ((50, . ..) (,,) It”+ ‘.. +i”,,=O) 
of I.?“+ ‘. 
As generators we take 
pr.l= T: (50, ..., 5,,)-(-S,3 -bob - 52, .. . . -i’,*L 
pi= CJ,: (to, . . . . (,,I- (to7 . ..t 4,- I, 5,+13 c,. <,+2r ...> en) 
fori=l,...,n-1; 
(92) 
then. 
00 = TgI -c: (io, . ..1 i’,,) ++ (523 5,3 ir”, r,, 11.3 i’,,). 
Let e,, . . . . e,, denote the canonical basis of En+ ’ and define z := (1, . . . . 1). 
Now, to construct a realization for 3’ in H consider the Wythoff-space 
(P, n ... np,,-,)\p,=(a,n ... no,,-,)\T 
= {(in, -2 ,..., -1-j 1 j.E R\(O) i. 
As the initial vertex we pick F, := (n, - 1, . . . . - 1) = (n + 1 )eo - Z. Then the 
vertex set for the realization becomes 
with 
P=~(n+l)ei-zIj=O,...,nt., 
z(V)= {-(n-t l)ei+r / j=o, . . . . n); 
thus I VI = 2n + 2, in agreement with the fact that 9 has 2n + 2 vertices. The 
faces of the base flag are given by F,, 
F, = {F,, p,(F,)) = {(n-t 1 )e,-z, -(n+ l)e, +I}, 
F, = {d(Fo) I 4 E < ~0, . . . . P,- , > > 
={+((n+l)e,-I)\j=o,...,i). for i>,2; 
the transforms of these faces by the elements of A(S) give all the faces of 
the realization. In particular, the facets are the n + 1 sets 
i +((n+ l)e,-2) I j#k] for k = 0, . . . . n. 
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To complete the proof that the family of all these subsets is in fact a faithful 
realization of 9, observe that the family is indeed a regular n-incidence- 
polytope of type (6, 3”-‘) with 3-faces isomorphic to (6, 3 )z,O; thus it 
must be isomorphic to 9, since B is universal with respect to this property 
and has the same number of vertices and facets. 
As an interesting by-product we have proved the fact that the faces of ,‘P 
are uniquely determined by their vertex sets. However, this does not imply 
that ./p is a lattice, since this is not true for the 3-faces (6, 3),.,, (where any 
two 2-faces share 4 vertices). 
Any attempt to find a faithful realization for the dual b* of 9 must 
necessarily fail. In fact, the co-faces to (n -4)-faces of .Y* are isomorphic 
to j3, 612.0, but it is easy to see that this map does not admit a faithful 
realization (cf. [24]). This is in agreement with the fact that the Wythoff 
space ( p0 n ‘.I n p,, ?)\p,, , is indeed empty. 
(c) In a similar fashion we can proceed with the group 
W= [2 2 (n-2)‘]‘, 12 3 3, which is isomorphic to S,,, j (see Section 5). 
As generators we can choose 
where (0 I)(2 3) corresponds to r. This time we work in En+3 but 
consider A(Y) only as acting (irreducibly) on the hyperplane 
H:= (K,. . . . . 5,z+z) I to+ ... +5,r+z=0) 
Then the generators become 
Now, for a realization of the (n + 1 )-incidence-polytope 9 in H consider 
the Wythoff-space 
(PI l-- ‘.’ np ,r+l)\po={(L -2.0 . . . . . O)lE.cR\/O}). 
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As the initial vertex we pick F, := (1, - 1, 0, . . . . 0) = e, - e,. Then the 
vertex set V of the realization is given by 
V= {-t(e;-e,) (O<j<k<n+2). (=V=z(P)); 
thus I VI = (n+ 3)(n+2), in agreement with the fact that 9 has 
(n + 3)(n + 2) vertices. The faces in the base flag are given by F,, 
F,= {Fo,po(Fo))= {e,--e,,e,--e,j, 
F2=:QI(Fo)I~~(~o,~,)j={eo-e,,e,-e,,e,-e,,e,-e,}, 
F,= id(Fo) I 4 E < ~07 ..‘, Pi- I> j 
=.()(e,-e,)IO<j<k<i+l) for i>33; 
the other faces of the realization are the transforms of these faces by the 
elements of ,4(P). In particular, the facets are the n + 3 sets 
ff(e,-ek)10<j<k<n+2andj,k#s) for s=O,-...,n+2. 
By a similar reasoning to that of (b), the family of all these subsets gives 
in fact a faithful realization for 9. 
It is interesting to observe that the 2-faces of 9 are squares of side length 
fi. However, for i 3 3, the i-faces of 9 are realized in (i + 1 )-space but not 
in i-space. In particular, the 3-faces of 9 are isomorphic to Coxeter’s 
regular map {4, 6 13 $ and are realized as skew polyhedra in 4-space (cf. 
[S]). This corresponds to the case II = 2 which we excluded only for nota- 
tional convenience. Our considerations are particularly interesting in the 
case of the universal regular 4-incidence-polytope 9 = ( { 4, 6 ( 3 }, 
(6, 3 >T o}; this is the case n = 3. Here we have a 5dimensional realization 
of 9, guilt from 6 copies of the 4-dimensional skew polyhedron { 4,6 I 3). 
Again, as in (b), we cannot expect a faithful realization of the dual P* 
of 9, since the 3-faces of L?‘* are isomorphic to 13, 6j2,,,. In fact, the 
Wythoff-space (p. n . . n P+, )\p,, is empty. 
(d) In Section 4 the group W= [l 1 2]4 with diagram 
is used to construct the finite universal 9’= { (6, 3},,,, (3, 3)). The gener- 
ators of A(9) are 
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In unitary 4-space, W can be represented by 
Go: ((03 ..‘> 43)H (503 ;r, 513 5x19 
01: (to, ‘..9 i3)++ (52, 5,3 to, 431, 
a?: (to. . . . . &)H (ii”,, -ito, C2, C3), 
flj : (40, . . . . <3) ++ (vo, I.‘1 v3). with ‘1,={,-+(5~+ ... +tI) 
for i= 0, . . . . 3; 
(94) 
this representation is obtained from the representation for W given in [33, 
p. 3731 (with [l 1 214= [2 1; I]“) by changing the generators according 
to the isomorphism [ 1 1 214 = [2 1 11” z [2 1 1413; see Section 3. 
Further, z can be realized by 
Now, to construct a realization for the dual .P* = { {3, 3 i, {3, 6)4,0} 
consider the Wythoff-space 
(Ponp,np,)\p,=(~n~,n~l)\~,=~(0.0,0,~)I~”~~\(O~). 
As the initial point we pick Go := (0, 0, 0, 2). But Go is invariant under 
co, so that Go E (a0 n 0, n cr2)\+ implies that the vertex set 
v’= (Wo) I 4-W?} = (W,) I 4~ W} 
of the realization of P* coincides with the vertex set of Coxeter’s complex 
polytope (1 1 22)4 which is 
(cf. [9, p. 2711). But this polytope is known to have 80 vertices, in agree- 
ment with the fact that 9* has 80 vertices. The base flag for the realization 
is given by Go, 
G, = {Go, P,(G,)} = ((O>O, 0, 2), t-1, -1, -1, 111, 
Gz={~(Go)l~~(~z~~~)~=GIu{(-j,j, -Ll)), 
G,=(~(Go)19~(~l,~2,~3)}=GzuC(-l,~, -61)); 
the remaining faces are the transforms of the G,‘s by the elements of A(P). 
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Again, the family of all these subsets gives a faithful realization of P*. This 
is a simplical complex, so that P* and 9 turn out to be lattices. 
Now, turning to a realization of 9 itself we see that the Wythoff-space 
is given by 
(~,n~~n~~)\~~=(a,n7~na,)\T={~.(i,l,i, -1-W I AEC\{O}). 
Note that we have here an example of a 2-dimensional (real) Wythoff 
space. 
As the initial vertex we pick F,, := ,l(i, 1, i, - 1 - 2i), with any non-zero 
A. (Later in (e) we shall specify ,? further.) Then, observing that F,#o, we 
find that the subset 8= { #(FO) ( q5 E W} of the vertex set P’= {#(F,) 1 4 E 
A(P)) of the realization is just the vertex set of Coxeter’s complex 
polytope (1 1 1 2)4 which is 
(cf. [9, p. 271 I). Computing this vertex set we find for v 
L(ili, i’, i”, i”( 1 + 2i)), k + I+ m + n = 0 (mod 4), all permutations; 
i( 1 + i)(i”, i’, i”, i”), k + I + m + n = 3 (mod 4). 
These are in fact 320 vertices, in agreement with the fact that the index of 
(a,, ~21c73 ) in W is 320. The remaining 320 vertices are provided by the 
subset z( p) of V. Since a suitable conjugate of z is given by (com- 
ponentwise) complex conjugation, we obtain for t(p) 
X(ik, i/, i”‘, ‘II z (l-2i)),k+I+m+n=O(mod4),allpermutations; 
I( 1 + i)(i”, i’, i”, i”), k + I+ m + n = 1 (mod 4). 
Hence, with any non-zero 2 we have 320 + 320 = 640 distinct points. Note 
also that our realization is faithful. 
(e) The regular 4-incidence-polytope X4,0 = { (6, 3)4.0, 13, 3}) is the 
facet of the infinite regular 5-incidence-polytope P in (J?~,~, { 3, 3, 3) ) 
which was constructed in Section 4 from the infinite discrete unitary group 
W= [ 1 1 314 represented by the diagram 
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(Po>Pl~Pz,Pi~P4)=(T~ cl, ~z>O~,OJ). 
In unitary 4-space, W can be represented by the transformations 
00, ..., o3 defined in (94), together with 
fl4: (io, . . . . ir3)f-+ (iEg, i’,, i”z, 2-i-3) (96) 
(cf. [33, p. 3731, with W= [3 1; I]“). Again, T is given by (95). 
Now, to construct a realization of the dual P* in (13, 3, 31, slc4*.0), 
consider the Wythoff-space 
(pan ... np?)\p4=(snolnozna,)\04= {O). 
The only choice for the initial vertex is Go = 0. But then Go is also invariant 
under (T,,, so that the vertex set V= i&G,) / 4 E A(P)) of the realization of 
P* is precisely the vertex set of Coxeter’s honeycomb (1 1 33)4 which is 
(cf. [9, p. 2581). But for this honeycomb the stabilizer of the vertex G, in 
W is the subgroup (a,,, . . . . 0,); hence, since r(G,) = G,, the stabilizer of 
Go in A(Y) is (pO, . . . . p3) (= (~)(a,, . . . . cj)). As a consequence, the 
elements of V are in one-to-one correspondence with the vertices of b*. 
The base flag for the realization is given by G,, 
G, = {Go, P,G)) = ((0, 0, O,O), (O,O, 0,2)), 
G,=~~(G,)I~E(P~,P~)~=G~uC(-~, -1, -1, U1, 
G,=(~(G,)~~E(P~,...,P~))-=G~uI(-~,~, -1, I,), 
G,=I~(G,)l~~(p~,...,p~)J=G~u((-l,i, -i,l)}: 
the remaining faces are again the transforms of the G,‘s by the elements of 
A(P). Again this gives a simplical complex which is a faithful realization of 
.P*. In particular this proves that 9 and Y* are lattices. 
For a realization of P consider the Wythoff-space 
(PI n . ..np.)\p,=(a,n . ..n0.)\5=i(~i,j,,~“i,l)) 
with II := (i/5)( - 1 + 2i). As the initial vertex we pick F;, := (2, L, i.i, 1). 
This time F, is not invariant under oO, so that the subset P:= 
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id(f-01 I 4~ WI of th e vertex set V= {&r;b) ( q5 E A(B)) of our realization 
is given by the vertex set of Coxeter’s complex honeycomb (1, 1 3)4 which 
is -: 3 4 
‘z 4 
(cf. [9]). Now, specifying L = (l/5)( - 1 + 2i) in the discussion in (d) we 
observe that the realization of X4 0 constructed there is precisely the 
realization of the facet of 9’. Again, ‘P gives one half of the vertices of 9, 
while the other half is provided by z(P). In particular, the realization of LP 
is faithful. 
(f ) Concluding we discuss realizations of the n-incidence-polytopes 
constructed from the infinite group W with diagram 
with /= 2, 3,4, or 6. Here, the generators of A(P) are 
(PO? PI, ...> Pn- 1) = (z, 615 ‘.., fJ,,- 1). 
In unitary (n - 1)-space, W can be represented by the transformations 
D,,, . . . . (T,,_~ defined in (88) (with II replaced by n - l), together with 
u n-,: (503 ..‘2 5,,-2)++(~0,‘-~ L-3, l-5,-2) (97) 
(cf. [9, p. 2641). Again, T can be realized as in (89) (with n replaced by 
n- 1). 
Now, to construct a realization of the dual LP* consider the Wythoff- 
space 
(PO” ... np,mz)\pn-l=(Tna,n ... no,pzl\a,-,={03. 
The only choice for the initial vertex is Go := 0. But Go is also invariant 
under (TV, so that the vertex set V= i&G,) ) &EA(P)} = (qS(G,) ) 4~ W} 
is just the vertex set of Coxeter’s honeycomb 
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(cf. [9, pp. 264, 2651). In particular, we have I’= Z;- ‘, with 2, the 
real integers if I = 2; 
Gaussian integers .X + j’i if 1=4; 
(98 1 
Eisenstein integers .Y + ~‘rt’ if I= 6 ()r = Q’~~,‘~); 
Eisenstein integers x + J’H’ with x + J’ = 0 or 1 (mod 3) if I = 3. 
But for the honeycomb the stabilizer of its vertex G, in W is (a,, . . . . cr,,+ ?). 
Consequently, since r(G,) = Go, the stabilizer of G, in A(b) is 
(p,,, . . . . P,,+~). This proves that the elements of P’ are in one-to-one corre- 
spondence with the vertices of .Y*. 
The base flag for the realization is given by the faces 
G; = idGo) I 4 6 ( P,,-;r . . . . P,,- , > ) 
= : (0, . . . . 0, r,, ~, , 1 . . . . <,,pr) 1 <,=Oor 1 if j>n-i- 1} 
for i= 0, . . . . II - 1; the G, are (the vertex sets of ) i-dimensional cubes. As 
usual, the remaining faces are the transforms of the G,‘s by the elements of 
A(9). In particular, if i< II - 2, then T(G,) = G,, so that the i-faces of the 
realization are also i-faces of the honeycomb. The facets of the realization 
split into two blocks. namely the transforms of G,,- , and 
T(G,,~,)={(<,,,( ,,..., i;,, ,)j<,=Oorh,andi’,=Oorlifi31) 
by the elements of II’; however. by (90), only the former are also facets of 
the honeycomb. 
This way we get a faithful realization of 9*. To check that this realiza- 
tion is indeed faithful, observe that the stabilizer of the above subset Gi in 
I’ is just the subgroup (pi 1 j # i) of A(b). But this proves that the i-faces 
of the realization are in one-to-one correspondence with the i-faces of b, 
as required. 
Finally, to find a realization for d itself consider the Wythoff-space 
(p,n .” np,,-,)\p(l=(a,n .” no,,-,,\T={(f,; ,..., $,j.. 
We pick P0 := ($, . . . . 4) as the initial vertex. Then the subset P:= 
f&F,,) 1 4 E W) of the vertex set V= j$(F,) I 4 E A(9)) of the realization 
coincides with the vertex set of the honeycomb 
84 MC MULLEN AND SCHULTE 
To determine p explicitly, observe that each C$ in W can be written in the 
form q5 = CC/$ with CI E (a,, . . . . unP 2) and /I a product of conjugates 
@,,-I 6 ’ with $ E (a,, . . . . a,-z); in fact, if q5 = x00,, ~, CI, fin , . . 
LX~,(T,~,CX~ with C(,E (oO, . . . . (T,~~~), then 
with x=q,. . . . .zk and /I?~==,. . . . .clk. Now, if $ in (a,, . . . . o,,+~) is 
given as in (90) (with ?I replaced by n - 1 ), then we have 
with j= z-‘(rr -2) and /A = vj. For fixed j, the transformations (99) 
generate the group of all transformations 
with 
9, = 
c+~,orc-<jwithc=c,+ic,,c,,c,Ei7, 
and cr + c? even or odd, respectively, if I = 4; 
c + ci or c - <, with c E Z,, if I= 3 or 6 (with Z, as above). 
Hence, if t, = 4, then ‘1, is 
2t+!,with tE&if1=2; 
c + f or c - 4 with c E Z + ii? “even” or “odd,” respectively, if I = 4; (100) 
c+iwithcEZg,if1=30r6. 
But this proves that any product /I of conjugates $r~,,-, $ ’ with I+!I E 
(u 0, . . . . a,-?) takes the initial vertex F. into another vertex all of whose 
coordinates are restricted to the appropriate one of the three classes in 
(100). Finally, using (90) for ~1, we find that 
V= 
i 
(bYOSOr . . . . bYn-24n-2) I to, . . . . tnp7 as in (100) 
n-2 
and 1 vi=0 (mod/) . 
/=O 
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Hence, adjoining r(p) we get 
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v= (h”“(,], . ..) h”n-2(,1pr ) I to, . . . . t,l-7 as in (100) 
and “CL r, = 0 or 1 (mod I) 
, =~ 0
The elements of V are indeed in one-to-one correspondence with the 
vertices of 9, since the stabilizer of E0 in A(9) is easily seen to be 
(P 1 , . . . . P,1~ 1 > = (0, 3 ..‘> o,r I >. 
Recalling the realization of the incidence-polytope in (a), we see that the 
base flag {F,,, . . . . F,, ,j of the realization of Y is given by 
F;= I&F,,) I de (PO, . ..y Y,~ I ); 
zz #I”“, . ..) h’l ‘, 1, . . . . 1 ) ‘1’ I’, E 0 or 1 (mod I) 
,=O 
for i = 0, . . . . n - 1; in particular, 
Clearly, F,-, is the vertex set for the realization of the facet of 9 con- 
structed in (a). The remaining faces of the realization of P are the 
transforms of the F,‘s by the elements of A(B). By considerations similar 
to those for the computation of p, these faces could be expressed explicitly 
in terms of their vertices. Again, the family of all these faces gives a faithful 
realization of 9. 
Note that for I = 2 the vertex set for 9 = {4, 3” ‘, 4) becomes 
Clearly, the realization for d corresponds to the standard cubical tessella- 
tion of euclidean n-space. This also holds for the realization of b*. 
For I= 3, 4, or 6 the realizations are most interesting in case n = 4. Then, 
9 is in <(6,3},,,, {3,4)), ((8,3),, {3,4}), or <{l&3),, {3,4}), 
respectively. The corresponding (real) realizations are 6-dimensional. For 
example, the vertex set for the realization 9”* in (j4, 3), (3, 8j6) is P; in 
fact, all the facets of this realization are 3-faces of the cubical tessellation 
in E6. 
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